
A Complete 2 × 2 Operator Algebra
Recurrence, Phase, and Reversible Projective Transport

Abstract. Let

𝑄 =

(
1 1
1 0

)
, 𝐶1 =

(
0 −1
1 0

)
, Ω = −𝐶1.

The algebra generated by 𝑄 and 𝐶1 is the full real matrix algebra 𝑀2(R). The order defect

𝐺 = 𝑄TΩ −Ω𝑄 = [𝐶1, 𝑄]

completes the basis {𝐼, 𝑄,Ω, 𝐺}, so every real 2 × 2 operator has a unique four-coordinate normal form. A
finite multiplication table reduces arbitrary operator words exactly. The same kernel carries a quarter-turn
phase flow, Fibonacci recurrence, a symmetric signature-(1, 1) form whose null rays are the two eigendirections
of 𝑄, a normalized reflection, finite square symmetry, infinite-dihedral projective transport, an exact four-phase
quotient, and bounded dominant-eigenvalue normalization. Thus the kernel supplies infinite compositional
syntax with finite exact semantics. No occurrence ledger, covering-space return, finite eight-state carrier, or
physical interpretation is used in the proofs.
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1 Purpose, jurisdiction, and main statement

This paper isolates a complete planar operator algebra. Its burden is deliberately narrow: construct the exact local
operator language, prove every reduction and transport statement in its proper carrier, and state the resulting data
without importing bookkeeping, spin, finite relational addressing, gauge fields, or semantic interpretation.

Scope and evidence boundary

The following distinctions are part of the result.
• A matrix, bilinear form, projective transformation, group element, spectral value, and normal-form

coordinate occupy different mathematical offices even when they share a numerical representative.

• The names “recurrence,” “phase,” “reflection,” and “transport” refer only to the operators defined below.

• The constants Φ, Ψ, and
√

5 enter through the characteristic polynomial, eigenstructure, and normalization
of explicit matrices. No external interpretation is required.

• Physical realization and retained occurrence lie outside the jurisdiction of this paper and are not premises
here.

Theorem 1.1 (K.0 – Complete operator-algebra theorem). There is a two-generator real operator kernel

K2 = (R2, 𝑄, 𝐶1)

with the following properties.

1. AlgR(𝑄,𝐶1) = 𝑀2(R), and two generators are minimal by cardinality.

2. Every 𝐴 ∈ 𝑀2(R) has a unique normal form

𝐴 = 𝑥0𝐼 + 𝑥1𝑄 + 𝑥2Ω + 𝑥3𝐺.

3. Every finite word in 𝑄 and 𝐶1 reduces exactly by a finite multiplication table.

4. 𝑄 carries the Fibonacci recurrence, while 𝐶1 carries continuous quarter-turn phase.

5. The order defect 𝐺 defines a signature-(1, 1) symmetric form whose null rays are exactly the two eigendirections
of 𝑄.

6. Normalized reflections generate the square group Dih4, while projective transport and reflection generate 𝐷∞,
with exact quotient

𝐷∞/⟨𝑞4⟩ � Dih4 .

7. Dominant-eigenvalue normalization keeps Φ−𝑐𝑄𝑐 bounded and makes its limiting projector explicit.

The proof is assembled in Sections 2–8. The export interface appears in Section 9.

2 Primitive carrier, recurrence, and phase

Definition 2.1 (K.1 – Primitive operators). On 𝑉 = R2, define

𝑄 =

(
1 1
1 0

)
, 𝐶1 =

(
0 −1
1 0

)
, Ω = −𝐶1 =

(
0 1
−1 0

)
. (1)

Let 𝐼 denote the identity matrix. The continuous phase carriage is

𝑈 (𝜃) = 𝑒𝜃𝐶1 = 𝐼 cos 𝜃 + 𝐶1 sin 𝜃 ∈ 𝑆𝑂 (2). (2)
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Directly,
𝐶2

1 = Ω2 = −𝐼, 𝐶4
1 = Ω4 = 𝐼 . (3)

Proposition 2.2 (K.2 – Quadratic recurrence). The matrix 𝑄 satisfies

𝑄2 = 𝑄 + 𝐼, 𝑄−1 = 𝑄 − 𝐼 . (4)

Proof. The characteristic polynomial of 𝑄 is 𝜆2 − 𝜆 − 1. Cayley–Hamilton gives 𝑄2 −𝑄 − 𝐼 = 0. Since det𝑄 = −1,
𝑄 is invertible, and multiplication by 𝑄−1 yields 𝑄−1 = 𝑄 − 𝐼. □

Proposition 2.3 (K.3 – Fibonacci powers). Let 𝐹0 = 0, 𝐹1 = 1, and 𝐹𝑛+1 = 𝐹𝑛 + 𝐹𝑛−1. For every 𝑛 ≥ 1,

𝑄𝑛 = 𝐹𝑛𝑄 + 𝐹𝑛−1𝐼 =

(
𝐹𝑛+1 𝐹𝑛

𝐹𝑛 𝐹𝑛−1

)
. (5)

Proof. The assertion is immediate for 𝑛 = 1. If 𝑄𝑛 = 𝐹𝑛𝑄 + 𝐹𝑛−1𝐼, then Proposition 2.2 gives

𝑄𝑛+1 = 𝐹𝑛 (𝑄 + 𝐼) + 𝐹𝑛−1𝑄 = 𝐹𝑛+1𝑄 + 𝐹𝑛𝐼 .

□

This is the standard Fibonacci 𝑄-matrix identity; see, for example, [2].

Proposition 2.4 (K.8 – Finite phase difference). For every 𝜃 ∈ R,

𝑈 (𝜃) − 𝐼 = 2 sin
(
𝜃

2

)
𝑈

(
𝜃

2

)
𝐶1. (6)

Consequently,

∥(𝑈 (𝜃) − 𝐼)𝑣∥ = 2
����sin(

𝜃

2

)���� ∥𝑣∥. (7)

Proof. Using 𝐶2
1 = −𝐼 and the half-angle identities,

2 sin
(
𝜃

2

) (
𝐼 cos

𝜃

2
+ 𝐶1 sin

𝜃

2

)
𝐶1 = (cos 𝜃 − 1)𝐼 + 𝐶1 sin 𝜃.

The norm formula follows because 𝑈 (𝜃/2) and 𝐶1 are orthogonal. □

3 Generated difference and complete matrix algebra

Definition 3.1 (K.4 – Order defect). Define

𝐺 := 𝑄TΩ −Ω𝑄. (8)

Since 𝑄T = 𝑄 and 𝐶1 = −Ω,

𝐺 = [𝐶1, 𝑄] =
(
−2 1
1 2

)
. (9)

Thus 𝐺 measures the difference between quarter-turn-then-recurrence and recurrence-then-quarter-turn.
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Theorem 3.2 (K.5 – Complete local algebra). The ordered set

B = (𝐼, 𝑄,Ω, 𝐺) (10)

is a basis of 𝑀2(R). Hence
AlgR(𝑄,𝐶1) = 𝑀2(R). (11)

No single real 2 × 2 matrix can generate 𝑀2(R) as a unital real algebra, so the two-generator presentation is
minimal by cardinality.

Proof. With column-wise coordinate convention

vec

(
𝑎 𝑏

𝑐 𝑑

)
= (𝑎, 𝑏, 𝑐, 𝑑)T,

the four basis candidates form the matrix

𝐵 =

©­­­­«
1 1 0 −2
0 1 1 1
0 1 −1 1
1 0 0 2

ª®®®®¬
, det 𝐵 = −10 ≠ 0.

They therefore form a basis of the four-dimensional vector space 𝑀2(R). Since 𝐼, 𝑄,Ω, 𝐺 all belong to the algebra
generated by 𝑄 and 𝐶1, that algebra is all of 𝑀2(R).
For minimality, the unital algebra generated by one matrix 𝐴 is R[𝐴]. Cayley–Hamilton reduces every polynomial
in 𝐴 to 𝑥𝐼 + 𝑦𝐴, so dimR[𝐴] ≤ 2; it is also commutative. It cannot equal the four-dimensional noncommutative
algebra 𝑀2(R). □

Corollary 3.3 (K.6 – Unique normal form). Every

𝐴 =

(
𝑎 𝑏

𝑐 𝑑

)
∈ 𝑀2(R)

has the unique form
𝐴 = 𝑥0𝐼 + 𝑥1𝑄 + 𝑥2Ω + 𝑥3𝐺, (12)

where

𝑥0 =
2𝑎 + 3𝑑 − 𝑏 − 𝑐

5
, (13)

𝑥1 =
𝑎 − 𝑑 + 2𝑏 + 2𝑐

5
, (14)

𝑥2 =
𝑏 − 𝑐

2
, (15)

𝑥3 =
−2𝑎 + 2𝑑 + 𝑏 + 𝑐

10
. (16)

Proof. Expand the right side of Eq. (12) and solve the resulting four linear equations. Uniqueness follows from
Theorem 3.2. □
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Theorem 3.4 (K.7 – Exact word reduction). Every finite word in the alphabet {𝑄,𝐶1} evaluates to an integer
matrix and reduces uniquely to the normal form of Corollary 3.3. Reduction is governed by the finite table

𝑄2 = 𝐼 +𝑄, Ω2 = −𝐼, 𝐺2 = 5𝐼, (17)

𝑄Ω =
Ω + 𝐺

2
, Ω𝑄 =

Ω − 𝐺

2
, (18)

𝑄𝐺 =
𝐺 + 5Ω

2
, 𝐺𝑄 =

𝐺 − 5Ω
2

, (19)

Ω𝐺 = 2𝑄 − 𝐼, 𝐺Ω = 𝐼 − 2𝑄. (20)

If 𝐴 and 𝐵 have normal-form coordinate vectors 𝑥 = (𝑥0, 𝑥1, 𝑥2, 𝑥3) and 𝑦 = (𝑦0, 𝑦1, 𝑦2, 𝑦3), then 𝐴𝐵 has coordinates
𝑧 = (𝑧0, 𝑧1, 𝑧2, 𝑧3) given by

𝑧0 = 𝑥0𝑦0 + 𝑥1𝑦1 − 𝑥2𝑦2 − 𝑥2𝑦3 + 𝑥3𝑦2 + 5𝑥3𝑦3, (21)
𝑧1 = 𝑥0𝑦1 + 𝑥1𝑦0 + 𝑥1𝑦1 + 2𝑥2𝑦3 − 2𝑥3𝑦2, (22)

𝑧2 = 𝑥0𝑦2 + 𝑥2𝑦0 +
𝑥1𝑦2 + 𝑥2𝑦1

2
+ 5(𝑥1𝑦3 − 𝑥3𝑦1)

2
, (23)

𝑧3 = 𝑥0𝑦3 + 𝑥3𝑦0 +
𝑥1𝑦2 + 𝑥1𝑦3 − 𝑥2𝑦1 + 𝑥3𝑦1

2
. (24)

Proof. Equations (17)–(20) follow by direct matrix multiplication. Any product of basis elements reduces to the
basis, so induction on word length gives exact reduction of every finite word. Equations (21)–(24) follow by bilinear
expansion through the same table. Uniqueness follows from Theorem 3.2. □

Let W = {𝑄,𝐶1}∗ be the free monoid of finite operator words. The kernel supplies the exact pipeline

W Eval−−−−→ 𝑀2(Z)
NF−−−→ Q4.

The unreduced word may be retained as a construction record while the four-coordinate normal form supplies
finite exact semantics.

4 Spectral directions and the quadratic audit

The characteristic roots of 𝑄 are

Φ =
1 +

√
5

2
, Ψ =

1 −
√

5
2

= −Φ−1, (25)

with
Φ + Ψ = 1, ΦΨ = −1, Φ − Ψ =

√
5. (26)

Define
𝑣Φ =

(
Φ

1

)
, 𝑣Ψ =

(
Ψ

1

)
. (27)

Theorem 4.1 (K.11 – Spectral/null correspondence). The following statements hold.

1. 𝑄𝑣Φ = Φ𝑣Φ and 𝑄𝑣Ψ = Ψ𝑣Ψ.

2. The quadratic form
Δ𝐺 (𝑣) = 𝑣T𝐺𝑣
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has signature (1, 1) and factors as

Δ𝐺 (𝑥, 𝑦) = 2
(
𝑦 − 𝑥

Φ

)
(𝑦 +Φ𝑥). (28)

3. Its projective null set is exactly
{[𝑣Φ], [𝑣Ψ]}.

4. The oriented alternating-form separation is

𝑣T
ΦΩ𝑣Ψ =

√
5. (29)

Proof. The eigenvector identities follow by substitution. Since det𝐺 = −5 < 0, 𝐺 has signature (1, 1). Direct
expansion gives

Δ𝐺 (𝑥, 𝑦) = −2𝑥2 + 2𝑥𝑦 + 2𝑦2,

and Eq. (28) follows from Φ − Φ−1 = 1. The factors vanish precisely on 𝑦 = 𝑥/Φ and 𝑦 = −Φ𝑥, which are the
same lines as 𝑣Φ and 𝑣Ψ. Finally,

det(𝑣Φ, 𝑣Ψ) = Φ − Ψ =
√

5.
□

Proposition 4.2 (K.16 – Maximal projective equalizer). Define the derived reflection matrix

𝑀0 := 𝑄Ω =

(
−1 1
0 1

)
. (30)

Then 𝑀2
0 = 𝐼 and 𝑄 = 𝑀0𝐶1. On the affine chart [𝑠 : 1] of R𝑃1, the projective involutions induced by 𝑀0 and 𝐶1

are
𝑚(𝑠) = 1 − 𝑠, 𝜎(𝑠) = −1

𝑠
. (31)

Their equalizer is exactly {Φ,Ψ}, and this is maximal for two distinct elements of PGL(2,R).

Proof. The matrix statements are direct. Equality 𝑚(𝑠) = 𝜎(𝑠) is equivalent to

𝑠2 − 𝑠 − 1 = 0,

whose roots are Φ and Ψ. For distinct projective maps 𝑓 , 𝑔, their equalizer is the fixed set of 𝑔−1 𝑓 . A nonidentity
projective transformation of R𝑃1 has at most two real eigenlines, hence at most two fixed points. □

5 Normalized reflections and Clifford form

We use the standard real Clifford-algebra convention for signature (1, 1); see [4].

Definition 5.1. Define

𝐻 := 𝐻√
5 =

𝐺
√

5
, 𝑆 := 𝑆𝑄 =

2𝑄 − 𝐼
√

5
. (32)

Theorem 5.2 (K.12 – Normalized involutions). The matrices 𝐻 and 𝑆 are Euclidean reflections:

𝐻2 = 𝑆2 = 𝐼, 𝐻T𝐻 = 𝑆T𝑆 = 𝐼, det𝐻 = det 𝑆 = −1. (33)

Moreover,
𝐻Ω = −Ω𝐻, 𝑆𝐻 = Ω, 𝐻𝑆 = −Ω, (34)

and 𝐻 exchanges the two spectral directions projectively:

𝐻𝑣Φ = Φ𝑣Ψ, 𝐻𝑣Ψ = Φ−1𝑣Φ. (35)
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Proof. Direct multiplication gives

𝐺2 = 5𝐼, (2𝑄 − 𝐼)2 = 5𝐼, 2𝑄 − 𝐼 = Ω𝐺, 𝐺Ω = −Ω𝐺.

Equations (33)–(34) follow. Equation (35) follows by substitution using the identities in Eq. (26). □

Proposition 5.3 (K.20 – Clifford realization). The assignment

𝑒+ ↦−→ 𝐻, 𝑒− ↦−→ Ω (36)

extends to an algebra isomorphism
Cl1,1(R) � 𝑀2(R), (37)

where 𝑒2
+ = +1, 𝑒2

− = −1, and 𝑒+𝑒− = −𝑒−𝑒+. The recurrence operator is recovered by

𝑄 =
𝐼 +Ω𝐺

2
=

𝐼 +
√

5Ω𝐻

2
. (38)

Proof. The defining Clifford relations follow from Theorem 5.2 and Ω2 = −𝐼. Their image spans

{𝐼, 𝐻,Ω, 𝐻Ω} = 𝑀2(R)

by Theorem 3.2; both algebras have real dimension four, so the homomorphism is an isomorphism. Equation (38)
follows from Ω𝐺 = 2𝑄 − 𝐼. □

6 Finite and infinite reversible transport

Theorem 6.1 (K.13 – Finite square group). The matrices Ω and 𝐻 satisfy

Ω4 = 𝐼, 𝐻2 = 𝐼, 𝐻Ω𝐻 = Ω−1. (39)

Hence
⟨Ω, 𝐻⟩ � Dih4, (40)

where Dih4 denotes the order-eight symmetry group of the square.

Proof. The relations are immediate from Eqs. (3) and (34). The subgroup contains four distinct rotations
𝐼,Ω,−𝐼,−Ω and four reflections obtained by left multiplication by 𝐻, so it has order eight and the standard dihedral
presentation. □

Theorem 6.2 (K.14 – Infinite-dihedral projective transport). Let

𝑞 = [𝑄], ℎ = [𝐻]

in PGL(2,R). Then
ℎ2 = 1, ℎ𝑞ℎ = 𝑞−1, (41)

and 𝑞 has infinite order. Therefore
⟨𝑞, ℎ⟩ � 𝐷∞. (42)

Proof. Direct multiplication gives
𝐻𝑄𝐻 = −𝑄−1. (43)

The scalar sign disappears in projective space, giving Eq. (41). The eigenvalue ratio of 𝑄 is
Φ

Ψ
= −Φ2,

which is not a root of unity. Hence no positive power of 𝑄 is scalar, so 𝑞 has infinite order. An involution conjugating
an infinite-order generator to its inverse gives the standard infinite-dihedral presentation. □
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Theorem 6.3 (K.15 – Exact four-phase quotient). The assignment

𝜋4(𝑞) = Ω, 𝜋4(ℎ) = 𝐻 (44)

defines a surjective homomorphism
𝜋4 : 𝐷∞ ↠ Dih4 (45)

with kernel ⟨𝑞4⟩. Therefore
𝐷∞/⟨𝑞4⟩ � Dih4 . (46)

Proof. The images satisfy the defining relations by Theorem 6.1, so the map is well defined and surjective. Every
element of 𝐷∞ is 𝑞𝑛 or ℎ𝑞𝑛. The first maps to the identity exactly when 4 | 𝑛. The second maps to a reflection
𝐻Ω𝑛, which cannot be the identity because its determinant is −1. Hence the kernel is exactly ⟨𝑞4⟩, and the first
isomorphism theorem gives Eq. (46). □

7 Projective and hyperbolic realization

We use the standard extended action of GL(2,R) on the upper half-plane; see [1, 3].

On the affine real line, projective 𝑄-transport is

𝑇 (𝑠) = 1 + 1
𝑠
. (47)

Its fixed points are Φ and Ψ. Proposition 2.3 gives

𝑇𝑛 (∞) = 𝐹𝑛+1
𝐹𝑛

(𝑛 ≥ 1). (48)

Proposition 7.1 (K.17 – Hyperbolic glide realization). Extend the action of 𝐴 =
(
𝑎 𝑏
𝑐 𝑑

)
∈ GL(2,R) to the upper

half-plane by

𝜌𝐴(𝑧) =

𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
, det 𝐴 > 0,

𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
, det 𝐴 < 0.

(49)

Then 𝜌𝑄 is an orientation-reversing glide reflection along the geodesic with ideal endpoints Ψ and Φ. Its glide
displacement is 2 logΦ, and 𝜌𝑄2 is the corresponding hyperbolic translation of length 4 logΦ.

Proof. The boundary fixed points solve 𝑠 = 𝑇 (𝑠) and are therefore Φ and Ψ. Since det𝑄 = −1, 𝜌𝑄 reverses
orientation; it has no fixed point in the upper half-plane and preserves the geodesic joining its boundary fixed points,
so it is a glide reflection. The matrix 𝑄2 ∈ 𝑆𝐿 (2,R) has eigenvalues Φ2 and Φ−2 and trace 3. Its translation length
is

2 arcosh(3/2) = 4 logΦ.

A glide reflection moves by half the translation length of its square. □

8 Unattained limit and bounded normalized evolution

Proposition 8.1 (K.18 – Unattained projective limit). The finite rational orbit in Eq. (48) satisfies

lim
𝑛→∞

𝐹𝑛+1
𝐹𝑛

= Φ, (50)
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but
𝐹𝑛+1
𝐹𝑛

≠ Φ (51)

for every finite 𝑛 ≥ 1.

Proof. Convergence follows from Binet’s formula. Every finite ratio is rational, while Φ is irrational. □

Define the spectral projectors

𝑃Φ =
𝑄 − Ψ𝐼
√

5
, 𝑃Ψ =

Φ𝐼 −𝑄
√

5
. (52)

They satisfy
𝑃Φ + 𝑃Ψ = 𝐼, 𝑃Φ𝑃Ψ = 0, 𝑄𝑃Φ = Φ𝑃Φ, 𝑄𝑃Ψ = Ψ𝑃Ψ. (53)

Theorem 8.2 (K.19 – Bounded normalized recurrence). For every 𝑐 ∈ N,

Φ−𝑐𝑄𝑐 = 𝑃Φ + (−Φ−2)𝑐𝑃Ψ. (54)

Hence the normalized sequence is bounded and converges exponentially to 𝑃Φ.

Proof. The spectral decomposition is
𝑄𝑐 = Φ𝑐𝑃Φ + Ψ𝑐𝑃Ψ.

Divide by Φ𝑐 and use Ψ/Φ = −Φ−2. Since 0 < Φ−2 < 1, the second term tends exponentially to zero. □

9 Proved data and strict scope

The proved data of this paper may be summarized by the tuple

KernelData =
(
𝑉,𝑄,𝐶1,Ω, 𝐺, 𝐻, 𝑆,B,NF,𝑈, 𝑞, ℎ, 𝜋4, 𝑃Φ, 𝑃Ψ

)
, (55)

together with the proofs attached to Theorems 3.2, 3.4, 4.1, 6.1, 6.2, 6.3, and 8.2.

Equation (55) is a compact register of the objects established above, not an additional identification among them. In
particular:

• 𝑄2 restores the two bilinear forms under pullback; it is not a stored occurrence.

• Δ𝐺 (𝑣) = 0 identifies a null direction of a declared symmetric form; it is not a vanished vector or absent event.

• 𝐷∞ ↠ Dih4 is a quotient of addressed projective transport; it does not itself supply chronology.

• Φ−𝑐𝑄𝑐 is bounded after normalization; the integer lift count 𝑐 remains external to the normalized matrix value.

• The 137-address register, eight-channel carrier, and twenty-eight pair relations are not forced by this kernel and
therefore do not appear in its theorem.

• No claim about spin, gauge curvature, material dynamics, atomic structure, or semantic interpretation follows
without a separately defined adapter or realization theorem.

Proof of Theorem 1.1. Items 1–3 are Theorems 3.2 and 3.4. Item 4 is Propositions 2.3 and 2.4. Item 5 is
Theorem 4.1. Item 6 is Theorems 6.1, 6.2, and 6.3. Item 7 is Theorem 8.2. Every object and map occurs in the
export tuple with a recoverable carrier and codomain. □
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10 Computational verification

The companion regression script checks all displayed finite matrix identities, the basis determinant, normal-form
extraction, multiplication table, symbolic coordinate product, spectral projectors, and exhaustive word reduction
through a declared finite depth. These computations are regression gates for the formulas; the universal proofs
remain the arguments above.
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