
Conserved Transport and Return
State Evolution, Noether Currents, and Lorentzian Gauge Transport

Abstract. A return of a measured output, a return of the full state, conservation along a trajectory, and
closure of parallel transport are different dynamical statements. This paper constructs them in one exact but
non-coercive architecture. For an evolution family 𝜑𝑡 on a state space 𝑋 and an output map ℎ : 𝑋 → 𝑌 ,
output return is defined by ℎ(𝜑𝑇𝑥) = ℎ(𝑥) and state return by 𝜑𝑇𝑥 = 𝑥; the first need not imply the second. A
bounded-curvature return datum records the trajectory, constraint region, output reader, and return witness. A
reversible flow with involution 𝐾 satisfies 𝐾𝜑𝑡𝐾 = 𝜑−𝑡 . The variational layer proves Noether’s theorem with
an explicit boundary term and its forced balance law. In a planar central-force system, axial symmetry yields
conserved angular momentum, a circular orbit gives bounded curvature and full-state periodic return, and the
projective output returns after only half the state period. Separately, an explicit Lorentzian 𝑆𝑂 (2) connection
carries nonzero source-free Maxwell curvature, null propagation, arbitrarily selectable loop holonomy at
fixed curvature, exact bundle gluing, and endpoint-sharing timelike paths of unequal proper time. A final
equivariance theorem proves persistence of relation-valued certificates under evolution and identifies the linear
commutator [𝐴, 𝐽] as the exact global symmetry defect. The result is a self-contained dynamical model in
which output, state, path, current, curvature, holonomy, and duration remain independently readable.
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1 Purpose, jurisdiction, and main statement

A state-space model separates internal state from declared output. A trajectory may close in an output channel
while continuing in the state space; a full state may return after a nonconstant excursion; a conserved current may
remain fixed while the state moves; and a connection may have fixed local curvature while its global loop transport
varies. The purpose of this paper is to place those statements in one exact dynamical construction without treating
them as synonyms.

The common planar generator used below is

Ω =

(
0 1
−1 0

)
, 𝐽0 := −Ω =

(
0 −1
1 0

)
, 𝐽2

0 = −𝐼2.

It acts first as the infinitesimal generator of planar rotations and later, in a separately declared fiber, as the Lie-algebra
generator of 𝑆𝑂 (2) parallel transport.

Scope and evidence boundary

The following distinctions are part of the result.
• Output return is not state return, and state return does not imply a constant trajectory.

• Bounded curvature, periodicity, conservation, and Lyapunov stability are different properties. No
Lyapunov-stability claim is made below.

• Noether conservation holds under the displayed variational hypotheses. External generalized forces produce
an exact balance law rather than automatic conservation.

• The same matrix generator may inhabit a state-action office and a gauge-fiber office. That reuse does not
identify the carriers.

• Curvature, holonomy, proper time, output value, state, and conserved current have different codomains.

• A nonzero commutator is a failure of global equivariance. It is not, by itself, a theorem of instability, loss
of controllability, or loss of observability.

• The paper supplies no feedback law, adaptive law, or robustness margin. Its claims concern exact
open-system geometry and transport.

Theorem 1.1 (D.0 – Exact conserved-transport realization). There exists an explicit tuple

𝔇 =
(
𝑋, 𝜑𝑡 , ℎ,𝔅, 𝐾, 𝐿, 𝐽𝑋, 𝑀, 𝑔𝐿 , 𝐸,A𝑎, 𝐹, 𝑃𝑎,R

)
with the following simultaneously inhabited properties.

1. ℎ(𝜑𝑇/2𝑥) = ℎ(𝑥) while 𝜑𝑇/2𝑥 ≠ 𝑥 for a nonzero circular-orbit state.

2. 𝜑𝑇𝑥 = 𝑥 while the orbit trace 𝑡 ↦→ 𝜑𝑡𝑥 is nonconstant and has bounded curvature.

3. The flow is reversible, and its discrete step together with time reversal satisfies the standard inverse-conjugacy
relation.

4. The rotational Noether current is conserved in the unforced central-force system and satisfies an exact
input-balance law under generalized forcing.

5. The Lorentzian connection has nonzero source-free Maxwell curvature transported along null lines.

6. Its local curvature is independent of a real parameter 𝑎, while the holonomy around the generator of 𝜋1(𝑆1)
ranges over all of 𝑆𝑂 (2) as 𝑎 varies.
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7. Two timelike paths with common endpoints have unequal proper time, independently of 𝑎 and of the Maxwell
profile.

8. Relation-valued return certificates persist under equivariant evolution; for a linear flow, global rotational
equivariance is equivalent to a vanishing generator commutator.

Every equality is stated in its own carrier. No item is used as a substitute for another.

The proof is assembled in Section 7. Sections 2–6 construct the dynamical, variational, geometric, and equivariant
layers independently.

2 State, output, and return

Definition 2.1 (D.1 – Evolution family). Let 𝑋 be a state space. An evolution family is a collection of maps
𝜑𝑡 : 𝑋 → 𝑋 on an admitted time set such that

𝜑0 = id𝑋, 𝜑𝑡+𝑠 = 𝜑𝑡 ◦ 𝜑𝑠

whenever both sides are defined. If every 𝜑𝑡 is invertible and 𝑡 ∈ R, the family is a flow.

Definition 2.2 (D.2 – Output return, state return, and orbit trace). Let ℎ : 𝑋 → 𝑌 be a declared output map and let
𝑥 ∈ 𝑋 . For 𝑇 > 0:

Output𝑇 (𝑥) :⇐⇒ ℎ(𝜑𝑇𝑥) = ℎ(𝑥),
State𝑇 (𝑥) :⇐⇒ 𝜑𝑇𝑥 = 𝑥,

Trace𝑇 (𝑥) :=
(
𝑡 ↦→ 𝜑𝑡𝑥

)
0≤𝑡≤𝑇 .

The three objects occupy 𝑌 , 𝑋 , and a path space, respectively.

Proposition 2.3 (D.3 – Return hierarchy). For every 𝑥 and 𝑇 ,

State𝑇 (𝑥) =⇒ Output𝑇 (𝑥).

The converse holds when ℎ is injective on the two-point set {𝑥, 𝜑𝑇𝑥}, and may fail otherwise. Moreover, State𝑇 (𝑥)
does not imply that Trace𝑇 (𝑥) is constant.

Proof. Apply ℎ to 𝜑𝑇𝑥 = 𝑥. Conversely, injectivity on the two endpoints turns ℎ(𝜑𝑇𝑥) = ℎ(𝑥) into 𝜑𝑇𝑥 = 𝑥. A
nonconstant periodic orbit supplies the final statement. □

Definition 2.4 (D.4 – Bounded-curvature return datum). Let (𝑄, 𝑔𝑅) be a Riemannian configuration manifold, let
𝐶 ⊆ 𝑄 be a declared constraint region, and let 𝑞 : [0, 𝑇] → 𝑄 be a regular 𝐶2 curve with image in 𝐶. Define

𝜅𝑞 (𝑡) =



pr ¤𝑞 (𝑡 )⊥ ∇ ¤𝑞 ¤𝑞



𝑔𝑅

∥ ¤𝑞(𝑡)∥2
𝑔𝑅

.

A bounded-curvature return datum is

𝔅 = (𝑄, 𝑔𝑅, 𝐶, 𝑞, ℎ𝑄, 𝜅max, 𝜂return)

with
0 ≤ 𝜅𝑞 (𝑡) ≤ 𝜅max < ∞, 𝜂return : ℎ𝑄 (𝑞(𝑇)) = ℎ𝑄 (𝑞(0)).

The datum certifies constrained motion and a declared return; it does not assert stability of nearby trajectories.
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Definition 2.5 (D.5 – Reversible transport). Let 𝜑𝑡 be a flow on 𝑋 and let 𝐾 : 𝑋 → 𝑋 be an involution. The flow is
reversible with respect to 𝐾 when

𝐾2 = id𝑋, 𝐾𝜑𝑡𝐾 = 𝜑−𝑡 .

Proposition 2.6 (D.6 – Discrete inverse conjugacy). Fix Δ ≠ 0 and put 𝜁 = 𝜑Δ. For a reversible flow,

𝐾𝜁𝐾 = 𝜁−1.

If 𝜁 has infinite order, then
⟨𝜁, 𝐾 | 𝐾2 = 1, 𝐾𝜁𝐾 = 𝜁−1⟩ � 𝐷∞.

Proof. The first identity is the reversible-flow law at time Δ. The second is the standard presentation of the infinite
dihedral group when the transport generator has infinite order. □

3 Variational symmetry, conservation, and balance

Let 𝑄 now denote a smooth configuration manifold with local coordinates 𝑞 = (𝑞1, . . . , 𝑞𝑚), and let

𝑆[𝑞] =
∫ 𝑡1

𝑡0

𝐿 (𝑡, 𝑞, ¤𝑞) d𝑡, 𝑝𝑖 =
𝜕𝐿

𝜕 ¤𝑞𝑖 , 𝐻 = 𝑝𝑖 ¤𝑞𝑖 − 𝐿.

Consider an infinitesimal one-parameter transformation

𝛿𝑡 = 𝜀𝜏(𝑡, 𝑞), 𝛿𝑞𝑖 = 𝜀𝜉𝑖 (𝑡, 𝑞).

Theorem 3.1 (D.7 – Noether charge with boundary term). Assume there is a smooth function 𝐵(𝑡, 𝑞) such that

𝐿𝑡𝜏 + 𝐿𝑞𝑖𝜉𝑖 + 𝑝𝑖 (𝐷𝑡𝜉
𝑖 − ¤𝑞𝑖𝐷𝑡𝜏) + 𝐿𝐷𝑡𝜏 = 𝐷𝑡𝐵.

Then every Euler–Lagrange trajectory satisfies

𝐷𝑡𝐽𝑋 = 0, 𝐽𝑋 = 𝑝𝑖𝜉
𝑖 − 𝐻𝜏 − 𝐵.

Proof. Along an Euler–Lagrange trajectory, 𝐷𝑡 𝑝𝑖 = 𝐿𝑞𝑖 and 𝐷𝑡𝐻 = −𝐿𝑡 . Hence

𝐷𝑡 (𝑝𝑖𝜉𝑖 − 𝐻𝜏 − 𝐵) = 𝐿𝑞𝑖𝜉𝑖 + 𝑝𝑖𝐷𝑡𝜉
𝑖 + 𝐿𝑡𝜏 − 𝐻𝐷𝑡𝜏 − 𝐷𝑡𝐵

= 𝐿𝑡𝜏 + 𝐿𝑞𝑖𝜉𝑖 + 𝑝𝑖 (𝐷𝑡𝜉
𝑖 − ¤𝑞𝑖𝐷𝑡𝜏) + 𝐿𝐷𝑡𝜏 − 𝐷𝑡𝐵

= 0.

□

This is the classical finite-dimensional first theorem with the endpoint term retained explicitly [1, 2, 3].

Corollary 3.2 (D.8 – Forced symmetry balance). Assume 𝜏 = 0 and the forced Euler–Lagrange equations

𝐷𝑡 𝑝𝑖 − 𝐿𝑞𝑖 = 𝑄𝑖 .

If the infinitesimal configuration transformation satisfies

𝐿𝑞𝑖𝜉𝑖 + 𝑝𝑖𝐷𝑡𝜉
𝑖 = 𝐷𝑡𝐵,

then
𝐽𝑋 = 𝑝𝑖𝜉

𝑖 − 𝐵, 𝐷𝑡𝐽𝑋 = 𝑄𝑖𝜉
𝑖 =: Π𝑋 .

Consequently,

𝐽𝑋 (𝑡) − 𝐽𝑋 (0) =
∫ 𝑡

0
Π𝑋 (𝑠) d𝑠.
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Proof. Differentiate 𝐽𝑋 and substitute 𝐷𝑡 𝑝𝑖 = 𝐿𝑞𝑖 +𝑄𝑖:

𝐷𝑡𝐽𝑋 = (𝐿𝑞𝑖 +𝑄𝑖)𝜉𝑖 + 𝑝𝑖𝐷𝑡𝜉
𝑖 − 𝐷𝑡𝐵 = 𝑄𝑖𝜉

𝑖 .

Integration gives the balance law. □

The scalar Π𝑋 is the generalized input projected onto the symmetry direction. Vanishing projection gives
conservation; nonzero projection gives an exact current budget. Neither case alone supplies a stability margin.

4 Axial symmetry and a periodic central-force state

Let the configuration space be 𝑄 = R2 \ {0} and take

𝐿 (𝑞, ¤𝑞) = 𝑚

2
∥ ¤𝑞∥2 −𝑈 (∥𝑞∥), 𝑚 > 0,

where𝑈 is 𝐶1 and radial. The state space is 𝑋 = 𝑇𝑄, with state 𝑥 = (𝑞, 𝑣). The rotation action is

U𝜃 (𝑞, 𝑣) = (𝑅𝜃𝑞, 𝑅𝜃𝑣), 𝑅𝜃 = 𝑒𝜃𝐽0 ,

and time reversal is 𝐾 (𝑞, 𝑣) = (𝑞,−𝑣).

Proposition 4.1 (D.9 – Axial current and reversibility). For the unforced central-force flow:

1. 𝐿 is invariant under U𝜃 ;

2. the axial Noether current
L𝑧 = 𝑝T𝐽0𝑞 = 𝑚(𝑞1 ¤𝑞2 − 𝑞2 ¤𝑞1)

is conserved;

3. the flow is reversible under 𝐾;

4. under a generalized force 𝑄ext, the exact balance is

¤L𝑧 = 𝑄
T
ext𝐽0𝑞.

Proof. Euclidean kinetic energy and a radial potential are rotation invariant. Apply Theorem 3.1 with 𝜏 = 𝐵 = 0
and 𝜉 (𝑞) = 𝐽0𝑞. Since the equations are second order with velocity-independent potential, replacing 𝑡 by −𝑡 and 𝑣
by −𝑣 preserves them, proving reversibility. The forced formula is Corollary 3.2. □

Take the inverse-square potential𝑈 (𝑟) = −𝜇𝑚/𝑟 with 𝜇 > 0.

Theorem 4.2 (D.10 – Periodic state, earlier output return, and bounded curvature). For every 𝑅 > 0, set

𝜔2 =
𝜇

𝑅3 , 𝑞𝑅 (𝑡) = 𝑅
(
cos(𝜔𝑡), sin(𝜔𝑡)

)
, 𝑣𝑅 (𝑡) = ¤𝑞𝑅 (𝑡).

Then 𝑥𝑅 (𝑡) = (𝑞𝑅 (𝑡), 𝑣𝑅 (𝑡)) is a solution with

𝑇 =
2𝜋
𝜔
, 𝜅𝑞𝑅 =

1
𝑅
, L𝑧 = 𝑚𝑅

2𝜔.

Its full state satisfies
𝑥𝑅 (𝑇) = 𝑥𝑅 (0), 𝑥𝑅 (𝑇/2) = −𝑥𝑅 (0) ≠ 𝑥𝑅 (0).
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For the projective position output
ℎ(𝑞, 𝑣) = [𝑞] ∈ RP1,

one has
ℎ(𝑥𝑅 (𝑇/2)) = ℎ(𝑥𝑅 (0)).

Thus the output returns after half a period, the full state returns after one period, and the trajectory is nonconstant
throughout.

Proof. The radial acceleration is
¥𝑞𝑅 = −𝜔2𝑞𝑅 = − 𝜇

𝑅3 𝑞𝑅,

which is the inverse-square central acceleration at radius 𝑅. The curvature of a circle is 1/𝑅, and Proposition 4.1
gives the displayed current. Trigonometric periodicity yields the full-period return and the half-period sign reversal.
Projectivization identifies 𝑞 and −𝑞. □

For any radial constraint region containing the circle, Theorem 4.2 inhabits the bounded-curvature return datum of
Definition 2.4. It also gives a concrete counterexample to the converse in Proposition 2.3.

5 Lorentzian gauge transport

Let
𝑀 = R𝑡 × 𝑆1

𝜗 × R𝑥 × R𝑦 ,

and let 𝜂 be the standard closed one-form on 𝑆1, normalized by

d𝜂 = 0,
∫
𝑆1
𝜂 = 2𝜋.

Fix 𝑐, 𝜌 > 0 and define
𝑔𝐿 = −𝑐2 d𝑡2 + 𝜌2𝜂2 + d𝑥2 + d𝑦2.

Take the trivial oriented rank-two bundle 𝐸 = 𝑀 × R2. In this fiber office, Ω generates 𝑆𝑂 (2). Let 𝑓 ∈ 𝐶2(R) with
𝑓 ′ . 0, put

𝑢 = 𝑡 − 𝑥

𝑐
,

and define
A𝑎 = 𝑎𝜂 + 𝑓 (𝑢) d𝑦, Â𝑎 = A𝑎Ω, 𝑎 ∈ R.

Theorem 5.1 (D.11 – Source-free null transport). The curvature

𝐹 = dA𝑎 = 𝑓 ′(𝑢) d𝑢 ∧ d𝑦

is independent of 𝑎, is nonzero for nonconstant 𝑓 , and satisfies

d𝐹 = 0, d★𝑔𝐿 𝐹 = 0.

The curves
𝛾𝑥0 (𝜆) = (𝜆, [0], 𝑥0 + 𝑐𝜆, 0)

are future-directed null lines and satisfy

𝑔𝐿 ( ¤𝛾𝑥0 , ¤𝛾𝑥0) = 0, 𝑢(𝛾𝑥0 (𝜆)) = −𝑥0/𝑐.

Hence the wave profile is constant along the admitted null transport.
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Proof. The gauge algebra is Abelian, so 𝐹 = dA𝑎. Closure is immediate. The only nonzero coordinate components
are

𝐹𝑡 𝑦 = 𝑓 ′(𝑢), 𝐹𝑥𝑦 = −1
𝑐
𝑓 ′(𝑢).

The metric coefficients are constant, and the only nontrivial divergence cancels:

∇𝜇𝐹
𝜇𝑦 = 𝜕𝑡𝐹

𝑡 𝑦 + 𝜕𝑥𝐹𝑥𝑦 = − 1
𝑐2 𝑓

′′(𝑢) + 1
𝑐2 𝑓

′′(𝑢) = 0.

All remaining divergences vanish, which is equivalent to d★𝑔𝐿 𝐹 = 0 in this source-free Abelian model [5]. Along
𝛾𝑥0 ,

−𝑐2(1)2 + (𝑐)2 = 0, 𝑢 = 𝜆 − (𝑥0 + 𝑐𝜆)/𝑐 = −𝑥0/𝑐.

□

For a piecewise-smooth path 𝛾, parallel transport is

𝑃𝑎 (𝛾) = exp
(
−Ω

∫
𝛾

A𝑎

)
.

Proposition 5.2 (D.12 – Fixed curvature and selectable holonomy). Let ℓ wind once around 𝑆1 at fixed 𝑡, 𝑥, 𝑦. Then

Hol𝑎 (ℓ) = 𝑒−2𝜋𝑎Ω.

As 𝑎 ranges over R, this holonomy ranges over all of 𝑆𝑂 (2), while 𝐹 remains fixed.

Proof. Along ℓ, d𝑦 = 0 and
∫
ℓ
𝜂 = 2𝜋, so the transport formula gives the result. The exponential of the planar

generator parametrizes 𝑆𝑂 (2), while 𝐹 = 𝑓 ′(𝑢) d𝑢 ∧ d𝑦 contains no 𝑎. □

Proposition 5.3 (D.13 – Exact gluing). For every open cover {𝑈𝑖} of 𝑀 , the restricted bundle, connection, curvature,
and transport data obtained from (𝐸, Â𝑎, 𝐹, 𝑃𝑎) agree exactly on all overlaps under the identity transition functions
of the global trivialization.

Proof. Every local object is the restriction of a single global object. Restriction is functorial, and the identity
transition maps satisfy the cocycle condition on all multiple overlaps. □

Proposition 5.4 (D.14 – Unequal duration on common endpoints). Fix

𝑝 = (0, [0], 0, 0), 𝑞 = (𝑇, [0], 0, 0), 𝑇 >
2𝜋𝜌
𝑐
,

and define, for 0 ≤ 𝑡 ≤ 𝑇 ,

𝛾0(𝑡) = (𝑡, [0], 0, 0), 𝛾1(𝑡) =
(
𝑡,

[
2𝜋𝑡
𝑇

]
, 0, 0

)
.

Both paths are timelike and join 𝑝 to 𝑞. Their proper times are

𝜏[𝛾0] = 𝑇, 𝜏[𝛾1] = 𝑇

√︄
1 −

(
2𝜋𝜌
𝑐𝑇

)2
,

so
Δ𝜏 := 𝜏[𝛾0] − 𝜏[𝛾1] > 0.

The loop 𝛾1 ∗ 𝛾0 has holonomy 𝑒−2𝜋𝑎Ω, while Δ𝜏 is independent of 𝑎 and of 𝑓 .
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Proof. The tangent norms are

𝑔𝐿 ( ¤𝛾0, ¤𝛾0) = −𝑐2, 𝑔𝐿 ( ¤𝛾1, ¤𝛾1) = −𝑐2 + 𝜌2
(
2𝜋
𝑇

)2
< 0.

Integrating the proper-time density gives the displayed values. The closed loop winds once around 𝑆1 and has
d𝑦 = 0, so Proposition 5.2 applies. Neither proper-time expression contains 𝑎 or 𝑓 . □

The constructions above separate three standard offices on one spacetime:

𝐹 ∈ Ω2(𝑀), Hol𝑎 (ℓ) ∈ 𝑆𝑂 (2), Δ𝜏 ∈ R>0.

They coexist and can be read together; no equation identifies them.

6 Persistence under equivariant evolution

Return and symmetry are often certified by a relation rather than by equality. The following statement gives an
exact condition under which such a certificate remains available under evolution.

Definition 6.1 (D.15 – Relation-valued symmetry certificate). Let R ⊆ 𝑋 × 𝑋 be a declared relation and let
𝑈 : 𝑋 → 𝑋 be a map. Define

Cert𝑈 (𝑥) :⇐⇒ (𝑥,𝑈𝑥) ∈ R.
The relation is evolution-invariant when

(𝑥, 𝑦) ∈ R =⇒ (𝜑𝑡𝑥, 𝜑𝑡 𝑦) ∈ R

for every admitted 𝑡.

Theorem 6.2 (D.16 – Certificate persistence by equivariance). Assume R is evolution-invariant and

𝜑𝑡𝑈 = 𝑈𝜑𝑡

for every admitted 𝑡. Then
Cert𝑈 (𝑥) =⇒ Cert𝑈 (𝜑𝑡𝑥)

for every admitted 𝑡. Consequently, a certificate available at 𝑥 persists along the entire admitted orbit whenever
both the relation and the transport are equivariant.

Proof. From (𝑥,𝑈𝑥) ∈ R and evolution invariance,

(𝜑𝑡𝑥, 𝜑𝑡𝑈𝑥) ∈ R.

Equivariance replaces the second entry by𝑈𝜑𝑡𝑥, yielding Cert𝑈 (𝜑𝑡𝑥). □

Proposition 6.3 (D.17 – Linear commutator criterion). Let 𝑋 = R𝑛, let 𝜑𝑡 = 𝑒𝑡 𝐴, and let𝑈𝜃 = 𝑒𝜃𝐽 . Then

𝜑𝑡𝑈𝜃 = 𝑈𝜃𝜑𝑡 for all 𝑡, 𝜃

if and only if
[𝐴, 𝐽] = 0.

The operator
Def𝑡 , 𝜃 := 𝜑𝑡𝑈𝜃 −𝑈𝜃𝜑𝑡

is therefore an exact global equivariance defect, with

∥Def𝑡 , 𝜃𝑥∥ ≤ ∥Def𝑡 , 𝜃 ∥ ∥𝑥∥.
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Proof. If [𝐴, 𝐽] = 0, their exponentials commute. Conversely, differentiate the assumed exponential commutation
first in 𝑡 and then in 𝜃 at (0, 0) to obtain 𝐴𝐽 = 𝐽𝐴. The norm estimate is the defining operator-norm inequality. □

Remark 6.4 (D.18 – Exact scope of commutator failure). A nonzero [𝐴, 𝐽] proves that the full linear evolution
does not commute with the declared symmetry group. It does not imply that every state loses every symmetry
relation, nor does it establish instability, uncontrollability, or unobservability. Those require additional system,
input, output, and norm data.

7 Assembly and dynamical reading

Proof of Theorem 1.1. Take the central-force state space and flow of Section 4, the projective output ℎ(𝑞, 𝑣) = [𝑞],
the circular state 𝑥𝑅, and the bounded-return datum supplied by Theorem 4.2. Items 1 and 2 are the half-period output
return, full-period state return, nonconstant trace, and curvature bound proved there. Item 3 is Proposition 2.6 together
with the time-reversal involution in Proposition 4.1. Item 4 is Theorem 3.1, Corollary 3.2, and Proposition 4.1.

Take the Lorentzian manifold, bundle, and connection of Section 5. Item 5 is Theorem 5.1; Item 6 is Proposition 5.2;
exact local compatibility is Proposition 5.3; and Item 7 is Proposition 5.4. Finally, take any evolution-invariant
relation R and any admitted equivariant map𝑈 for Theorem 6.2; the linear specialization is Proposition 6.3, giving
Item 8. Every component is explicit and all displayed codomains remain distinct. □

State-space reading. The construction can be read without changing notation as

full state : 𝑥 ∈ 𝑋,
evolution : 𝑥(𝑡) = 𝜑𝑡𝑥,

declared output : 𝑦(𝑡) = ℎ(𝑥(𝑡)),
symmetry current : 𝐽𝑋 (𝑥(𝑡)),

projected generalized input : Π𝑋 (𝑡),
local gauge field : 𝐹,

global loop transport : Hol𝑎 (ℓ),
metric duration : 𝜏[𝛾],

equivariance defect : Def𝑡 , 𝜃 .

The first three lines give the return hierarchy; the next two give conservation or balance; the following three
give local, global, and metric transport reads; the last line tests exact symmetry of the evolution.

8 Strict boundary and status ledger

The following cuts are theorem conditions, not rhetorical disclaimers.

(a) ℎ(𝜑𝑇𝑥) = ℎ(𝑥) is equality in the output space 𝑌 . It does not identify the two states unless an injectivity witness
is available.

(b) Periodic return and bounded curvature are properties of the displayed orbit. No neighborhood estimate or
Lyapunov function is supplied.

(c) 𝐽𝑋 is conserved only under the Noether hypothesis; with external generalized force it obeys the balance law
¤𝐽𝑋 = Π𝑋.
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(d) The planar rotation action and the 𝑆𝑂 (2) fiber action reuse the matrix generator under separately declared
representations.

(e) Fixed curvature with variable holonomy is a global connection statement on a non-simply-connected manifold.
It is not a denial of local field observability.

(f) The Maxwell field, loop holonomy, and proper-time difference are not functions of one another in the
construction.

(g) Exact gluing follows from a global trivial bundle and connection. It does not prove that every local model
admits such a global extension.

(h) Equivariance preserves the declared relation-valued certificate. The theorem does not create the relation or
guarantee that its domain is nonempty.

(i) [𝐴, 𝐽] ≠ 0 is an algebraic symmetry defect only. Stability, robustness, feedback performance, reachability, and
observability remain separate questions.

Office Status Witness

Output/state return separation Proved Proposition 2.3 and Theorem 4.2
Bounded-curvature periodic orbit Proved Theorem 4.2
Reversible transport Proved Propositions 2.6 and 4.1
Noether conservation with boundary term Proved Theorem 3.1
Forced symmetry-current balance Proved Corollary 3.2
Axial current for central force Proved Proposition 4.1
Source-free null Maxwell transport Proved Theorem 5.1
Fixed curvature with selectable holonomy Proved Proposition 5.2
Exact restriction and overlap gluing Proved Proposition 5.3
Unequal proper time on common endpoints Proved Proposition 5.4
Certificate persistence under equivariance Proved Theorem 6.2
Linear global symmetry criterion Proved Proposition 6.3
Lyapunov or adaptive-control result Not asserted No neighborhood, feedback, or

robustness hypotheses
Identification of field, holonomy, and duration Excluded Distinct codomains and independent

parameters

Mechanical audit

The companion script check_conserved_transport_return_v01.py verifies the planar generator identities,
circular-orbit dynamics, half-period output return, full-state period, curvature and current formulas, reversible-flow
identities on the explicit orbit, source-free Maxwell cancellation, null propagation, holonomy periodicity, proper-time
inequalities, and finite matrix instances of the commutator criterion. These computations are regression gates for
the displayed identities, not substitutes for the universal proofs.

9 Conclusion

The construction separates four questions that are frequently compressed into the word return:

What does the output report? What did the state do?
What quantity was transported? What remained invariant?
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A projective output can return before the state. A state can return after a nonconstant bounded trajectory. A
continuous symmetry can transport a conserved current, or an exact input balance when forcing enters. A local field
can remain fixed while global holonomy changes. Two paths can share endpoints while carrying different metric
duration. A return certificate can persist under evolution when the relation and the dynamics are equivariant.

The common result is not that these reads are one object. It is that they can coexist in one exact dynamical
architecture while remaining separately testable.

References

[1] E. Noether, Invariante Variationsprobleme, Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen,
Mathematisch-Physikalische Klasse (1918), 235–257.

[2] V. I. Arnold, Mathematical Methods of Classical Mechanics, 2nd ed., Springer, New York, 1989.

[3] J. E. Marsden and T. S. Ratiu, Introduction to Mechanics and Symmetry, 2nd ed., Springer, New York, 1999.

[4] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol. I, Wiley, New York, 1963.

[5] R. M. Wald, General Relativity, University of Chicago Press, Chicago, 1984.

A. V. Coppa – 5 August 2026 11 of 11


	Purpose, jurisdiction, and main statement
	State, output, and return
	Variational symmetry, conservation, and balance
	Axial symmetry and a periodic central-force state
	Lorentzian gauge transport
	Persistence under equivariant evolution
	Assembly and dynamical reading
	Strict boundary and status ledger
	Conclusion

