Four-Phase Addressing and Eight-State
Relations

Finite Pairwise Coordinates and Exact State Evolution

Abstract. A cyclic phase can return while the occurrence carrying that phase remains new. This paper gives
an exact finite architecture for that distinction. Euclidean division yields a bijection N = {0, 1,2,3} X N,
separating four visible phase positions from an unbounded cycle address. Two consecutive phase windows
supply eight distinct addressed states. Their complete unordered relation set has (g) = 28 elements, represented
by the coefficients of an alternating two-form on R®. Vanishing triangle residues are proved equivalent to the
existence of vertex potentials, unique up to a common additive constant. A seven-round one-factorization of K3,
combined with the Chinese remainder theorem Z/28Z = Z/77Z X Z/4Z, gives an explicit bijective scanner of
all twenty-eight relations without identifying scan order with the relation set. For eight unit phases, quotienting
by common phase gives T8/ Tdiag = T7; the twenty-eight pairwise phase reads are invariant under the diagonal
action and satisfy exact multiplicative triangle compatibility. Finally, these components are assembled into
a state-and-transition contract in which operator state, phase, occurrence, channel state, pairwise relations,
scan coordinate, and receipt remain separately typed. The principal result is a finite relational machine whose
phase may close, whose occurrence may continue, and whose complete pairwise structure remains exactly
recoverable.
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1 Purpose, jurisdiction, and main statement

Finite phase and event identity are often collapsed into one index. A periodic display then appears to repeat an
earlier state even when a new traversal has occurred. The present construction keeps four objects distinct:

1. the visible phase class;
2. the unbounded occurrence address;
3. the complete pairwise relation space on an eight-state window;

4. achosen order for reading those relations.

The first three are intrinsic to the declared carriers. The fourth is a scanner: useful and exact, but chosen.

The following separations are part of the result.

» Phase equality is not occurrence equality.

Eight addressed states are not eight values of one untyped scalar.

* A pairwise relation is not the coordinate used to scan it.

A diagonal zero of an alternating form is not an absent event or zero vector.

* Common phase is invisible to relative phase, but it is not absent from the underlying eight-channel state.

Metric duration, physical time, and any synchronization between occurrence and scan order require
additional data and are not supplied here.

Let P4 = {0, 1,2,3}. Let Eg = R® with ordered basis ey, . . ., e7, and let Ayg = A2(E§).

Theorem 1.1 (A.0 — Four-phase, eight-state relational architecture). There exists an explicit tuple
Rely s = (P4, TimeReady, UnReady, Es, Aog, {My}aez/72, Scanag, T /Tdiag, State, Step)

carrying simultaneously:

. a bijection N = P, x N with exact successor and carry;
. four-phase return with strictly advancing occurrence address;

. two consecutive phase windows giving eight distinct addressed states;

. additive triangle compatibility and potential reconstruction;
. a seven-round perfect-matching factorization of Kg and a bijective 28-coordinate scanner;

1
2
3
4. all twenty-eight unordered and fifty-six oriented pairwise relations;
5
6.
. seven independent relative phases and twenty-eight central-phase-invariant pairwise phase reads;
8

. an exact state contract in which operator state, phase, occurrence, channel payload, pairwise reads, scanner
query, and receipt remain separately recoverable.

The proof is assembled in Section 8. Sections 2—7 construct each component independently.
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2 Four-phase addressing and retained occurrence
Definition 2.1 (A.1 — Phase and cycle reads). Forn € N, define
Phase4(n) = n mod 4 € Py, Cycley(n) = EJ €N,

and
TimeReads(n) = (Phases(n), Cycle,(n)).

For (p,c) € Py XN, define
UnRead4(p,c) = 4c + p.

Theorem 2.2 (A.2 — Euclidean address isomorphism). The maps
TimeRead; : N — P4 X N, UnReads : P4 XN — N

are mutually inverse bijections.

Proof. Euclidean division gives unique ¢ € N and p € P4 such that n = 4c + p. Therefore
UnReady(TimeReady(n)) = n

and
TimeRead4(UnReady(p, ¢)) = (p,c).

Corollary 2.3 (A.3 — Successor with carry). If TimeRead4(n) = (p, ¢), then

(p+1Llc), 0<p<3,

TimeReads(n + 1) =
0,c+1), p=3.

In particular,
Phase4(n + 4) = Phase4(n), Cycley(n + 4) = Cycley(n) + 1.

Fix an opaque run identifier u and define the occurrence address
0, = (u,n).
Theorem 2.4 (A.4 — Non-erasing phase return). For everyn € N,
Phase4(n + 4) = Phase4(n), On+d # Op.

If a receipt is appended at each successor step, then the receipt after four further steps has strictly greater length
even though the visible phase has returned.

Proof. The phase identity is Corollary 2.3. Occurrence inequality follows from n + 4 # n. Strict receipt growth is
the append law for finite sequences. O
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3 The eight-state window

Definition 3.1 (A.5 — Two-window address). Let L, = {0, 1}. For € € Ly and p € P4, define
it,p)=4+pef0,1,...,7}
Proposition 3.2 (A.6 — Eight distinct addressed states). The map
i:LyxPy—{0,1,...,7}

is a bijection. Thus two consecutive four-phase windows contain eight distinct addresses even though the phase
representatives occur twice.

Proof. The values for £ = 0 are 0, 1,2, 3 and those for £ = 1 are 4,5, 6, 7. These sets are disjoint and exhaust the
codomain. O

The eight addresses are represented by the basis vectors ey, . . ., e7 of Eg. The basis is an address carrier. It does
not assert that the underlying states are physically orthogonal or that every application must use a Euclidean metric.

4 Complete pairwise relations

Definition 4.1 (A.7 — Alternating relation record). Let
Aoy = N*(Eg).
For coefficients d;j € Rwith 0 <i < j <7, define

de Z d,-jei/\ej.

0<i<j<7

Extend the coefficients by
dj' Z—dij, dii =0.

Theorem 4.2 (A.8 — Twenty-eight unordered relations). The relation space has dimension
. 8
dim Azg = D) = 28.

It supplies one independent signed coordinate for every unordered pair of addressed states, hence twenty-eight
unordered and fifty-six oriented relations. For all x,y € Eg,

Qd('x"x) =O’ Qd()”x) =_Qd(an)-

Proof. A basis of AZ(E;;) is . .
{e"Ne! :0<i<j<T},

whose cardinality is (g) = 28. Alternation gives the diagonal zero and orientation reversal. Each unordered pair
admits two orientations. O

Definition 4.3 (A.9 — Triangle residue). For distinct i, j, k, define the oriented triangle residue
hijk = dij + djk + dki-
Theorem 4.4 (A.10 — Additive triangle-potential criterion). The following are equivalent:
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1. h;jr =0 for every oriented triangle (i, j, k);
2. there exist vertex values sy, . . .,s7 € R such that
dij = Sj -8
Jor every ordered pair (i, J).

When they exist, the vertex values are unique up to addition of one common constant.

Proof. If d;; = s; — s;, then the triangle sum telescopes. Conversely, fix so = 0 and define s; = do;. The vanishing
residue on (0, i, j) gives
02d0i+dij+dj0 =Si+dij—Sj,

sod;j = sj—s;. If s and s" produce the same d,;, then
(s = s,) = (s} = 50)

for all 7, j, hence the difference is constant. O

The residue h; jx is a finite compatibility test on a complete relation record. It is not spacetime curvature and does
not by itself define transport outside the eight-address carrier.

5 A seven-round scanner of all relations

Label the eight vertices by
Vg = {0} UZ/TZ.

For each a € Z/77Z, define
My = {{eo,a}} U {{a+j,a—j}:j=123}, (1)

with finite labels reduced modulo 7.

Theorem 5.1 (A.11 — One-factorization of Kg). Each M, is a perfect matching of Kg. The seven matchings are
pairwise edge-disjoint and partition the full edge set:

E(Ks)= | | Ma.

a€z/1Z
Proof. Within M, the finite endpoints are
a,a+xl,a+2, a+3,

which are all seven residues modulo 7, while co occurs once. Thus M, covers every vertex once.

Every edge {0, a} occurs in exactly one matching. For a finite edge {x, v}, the element

+
a=22Ycz/77

is uniquely defined because 2 is invertible modulo 7. The nonzero difference x — y determines a unique j € {1, 2,3}
up to sign, so {x,y} = {a + j,a — j} occurs exactly in M,. Hence the matchings are disjoint and contain all
7 -4 =128 edges. O

A. V. Coppa — 5 August 2026 5of9



A. V. Coppa Four-Phase Addressing and Eight-State Relations

Define
k(a,0) = {co,a}, k(a,b) ={a+b,a-b} (b=1,23).

Since 4 and 7 are coprime, the Chinese remainder theorem gives
Y :Z/28Z = Z)IZXZ/AZ,  x(q) = (¢ mod 7, q mod 4).
Corollary 5.2 (A.12 — Bijective relation scanner). The map
Scangg = ko y : Z/28Z = E(K3)

is a bijection.

Proof. The map y is a bijection by the Chinese remainder theorem, and « lists the four edges of each of the seven
disjoint perfect matchings from Theorem 5.1. O

Remark 5.3 (A.13 — Scan order is not occurrence order). The scanner coordinate q € Z/28Z orders the twenty-eight
relations. The occurrence coordinate n € N orders traversals. No equation q = q(n) is supplied or implied. A
synchronization between them is an additional policy and requires its own witness.

6 Relative phase and multiplicative compatibility

Let T = U(1). The diagonal subgroup
Tdiag = {(4,...,4) : 1 €T}
acts on T® by common phase multiplication.
Theorem 6.1 (A.14 — Seven independent relative phases). There is a group isomorphism
T8/ Taiag = T'.

One explicit isomorphism is
[20, ... 27] ¥ (21Z0, - - -, 27%0)-

Proof. The displayed map is invariant under common multiplication by A € T. It is a homomorphism. Every

element of T” is represented by (1, w1, ..., w7), so the map is surjective. Its kernel consists exactly of tuples with
z;zo = 1 for all j, namely the diagonal subgroup. O
For z = (z0,...,27) € T3, define the pairwise phase read

wij(z) = 2;Z;.
Theorem 6.2 (A.15 — Pairwise phase compatibility). The pairwise reads satisfy
wi =1, Wi = w;; WiiWjk = Wik,

and therefore
WijWjkWii = 1

for every oriented triangle. They are invariant under common phase:
wij(1z) = wij(z) (1 €T).

Conversely, any collection w;; € T satisfying these identities arises from a phase tuple z € T8, unique up to common
phase.
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Proof. The identities follow directly from w;; = z;7;. For the converse, choose zo = 1 and z; = wo;. Compatibility
gives
Wij = WioWoj = W_()iWoj = ZjZ_,'.

Any second realization differs from the first by multiplication of every z; by the same element of T. O

The additive criterion of Theorem 4.4 and the multiplicative criterion of Theorem 6.2 are parallel finite compatibility
statements. They are not identified: one lives in an additive real carrier, the other in a compact multiplicative group.

7 Exact state and transition contract

This section assembles the finite architecture around two imported interfaces:

1. an exact operator evaluator with a canonical normal form NF;

2. an append-only receipt operation whose prefix and final payload remain recoverable.
The internal proofs of those interfaces are not repeated here; the present results depend only on their stated contracts.
Let A be an exact operator carrier with coordinate space C and mutually inverse maps

Eval : C — A, NF: A — C.

Let G C A be a declared generator set. Let R,, € Ledger be a finite receipt archive.

Definition 7.1 (A.16 — Exact finite-relational state). At occurrence n, define

Xl’l = (an7 pn7 C}’La va Rn)7

where
a, € C, (pn,cn) = TimeReady(n), zn € T8

The complete pairwise phase record W(z,) = (w;j(z,)) is derived from z,,. A scanner query q € Z/28Z is supplied
separately and returns the selected unordered pair Scanyg(q).

Definition 7.2 (A.17 — Typed transition). Let g,, € G be the declared operator move, and let
Fg, : ™ — T8
be a declared exact channel update. Define
Step,, (Xn) = Xn+1
by

Ayl = NF(Eval(ozn)gn),
(pn+1, Cn+1) = TimeRead4(n + 1),

Zn+1 = Fg, (20),
Ry = SHOC(Rn, rn+1)a

where 1,41 retains at least the move, unreduced expression, reduced operator coordinate, input and output addresses,
channel update, evidence status, and occurrence address.

Proposition 7.3 (A.18 — Recoverable transition offices). Under Definitions 7.1 and 7.2, each transition keeps
separately recoverable:
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. exact operator state ay;
. visible phase py;

. completed-cycle count c;

1

2

3

4. eight-channel phase state z,;

5. twenty-eight derived pairwise reads W(z,);
6. independently supplied scanner coordinate q;
7

. occurrence receipt R,,.

No equality among their values authorizes substitution among their carriers.

Proof. Each field is assigned a distinct type and projection. The pairwise reads are functions of z,,, the phase and
cycle are functions of n, and the scanner is a function of g. The receipt stores the transition occurrence rather than
replacing any of these values. Recoverability is therefore by the displayed projections and append contract. O

Remark 7.4 (A.19 — Equivariance requirement for relative-phase dynamics). If pairwise relative phases are the
authoritative relational output, a common-phase-insensitive update should satisfy

Fqo(Az) = AF,4(2)

forall A € T. Then F, descends to T8/ Taiag. This equivariance is an adapter obligation, not a consequence of the
finite address construction.

8 Proof of the main theorem

Proof of Theorem 1.1. Ttem 1 is Theorem 2.2 and Corollary 2.3. Item 2 is Theorem 2.4. Item 3 is Proposition 3.2.
Item 4 is Theorem 4.2. Item 5 is Theorem 4.4. Item 6 is Theorem 5.1 and Corollary 5.2. Item 7 is Theorems 6.1 and
6.2. Item 8 is Definitions 7.1-7.2 and Proposition 7.3. Every component is explicit, and the strict type separations
are recorded in Sections 1 and 9. O

9 Proved data and strict scope

The proved data may be summarized by
FiniteRelationData = (P4, TimeReads, UnReady, Es, Ags, {M,}, Scanyg, T® /Tqine, W, State, Step).

This is a register of distinct carriers and maps, not one opaque index.
The paper proves:

* exact four-phase addressing with unbounded retained occurrence;

* eight distinct addresses across two phase windows;

« all twenty-eight unordered and fifty-six oriented relations;

* additive and multiplicative triangle compatibility;

* a complete seven-round factorization and bijective relation scanner;

* seven relative-phase degrees of freedom after quotient by common phase;
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* an exact state-and-transition interface preserving operator, address, channel, relation, scan, and receipt offices.

It does not supply metric duration, a physical clock, a unique relation-scanning order, a synchronization between
scan and occurrence, a physical interpretation of the eight channels, or a theorem forcing any additional cyclic
register. In particular, no 137-address or 548-address construction is used in the result. Those may be introduced
only as separately declared extensions.

10 Computational verification

The companion regression script checks the Euclidean address bijection and carry law over a declared finite
range; uniqueness of the eight-state window; the 28/56 pair count; exact alternating identities; additive triangle
reconstruction; the complete Kg one-factorization; the bijective Z/28Z scanner; common-phase invariance and
multiplicative triangle identities over exact finite root-of-unity samples; and a finite state-transition witness with
strict receipt growth. These computations are regression gates for the displayed formulas; the universal proofs
remain the arguments above.
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