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Abstract. Work begins with a purpose, a reference, and a difference that matters to the intended use. A tool makes
that difference readable; a gauge compares the reading with an admissible region; a certificate records the result.
This paper defines the Condition of Enough as the conjunction of verified Fit, adequate evidence, admissible release,
and a safe stopping hand-off. It fixes the corresponding mechanical stopping point and separates two mathematical
questions: when a given course of work can stop, and which of all admissible courses reaches completion with
minimum action. A nonnegative craft-action Lagrangian measures effort and active time. The prefix theorem proves
that a completed stopping prefix is action-minimal among its eligible extensions. A direct-method criterion states
sufficient conditions for global attainment. An exact one-dimensional model derives the minimum action, optimal
duration, velocity, and associated Bellman equation; a calibrated interval reader gives the corresponding tolerance
rule with measurement uncertainty. A receipt theorem identifies when a separate history record is required to recover
distinctions promised by the work. The construction is governed throughout by declared function, jurisdiction, and
evidence. Its result is a precise craft principle: when the required relation Fits and the completed result can be
safely released, stop the present work.

Reference — Difference — Scope — Gauge — Fit — Function. 1)

I. THE QUESTION AND THE CRAFT CONDITION

A machinist can continue cutting after a part fits its mate. A mathematician can continue deriving after the posed
proposition has been proved. An experimenter can continue measuring after the prescribed decision has been
certified. In each case additional work has a cost, and the decision to continue requires a relation that the current
task still needs. The criterion for completion therefore belongs to the work and to its declared use.

A datum is the reference against which a workpiece is measured. A function is the use the completed work must
support. Difference is what can change that use. Scope is the selected region of relevant difference. A tool makes a
comparison possible; a gauge makes it decidable under a stated tolerance. These elementary distinctions have the
same practical force whether the workpiece is a physical part, an algorithm, an image, a written statement, or a
formal proof. Euclid’s construction-and-comparison discipline is the historical coordinate for a fixed geometrical
relation [1]; dimensional and metrological applications supply their own instruments and units [4, 5].

Form declares. Fit admits. Function carries. )

The purpose of the present construction is to make the point at which this work is enough explicit, reproducible, and
compatible with further lawful use. The condition is local to the stated task. A later task can reopen the work under
a newly declared reference, receiving condition, or tolerance.

II. JURISDICTION, REFERENCE, AND MEASURABLE FIT
Fix a jurisdiction

J:(X’Z’U’Y’EaK’p,g’p)’ (3)
where X is the workpiece-state space, Z the receiving-condition space, U the intended-use space, Y the readable-

result space, E the admitted perturbation class, K C Y the acceptance region, p the promised resolution, G the
permitted calibrated gauges, and ¥ the permitted actions, safety obligations, and hand-off conditions. The datum
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and the version of every component are fixed during one test. For z € Z, u € U, and n € E, let
I, . XXZxU—Y “4)

be the exact interface reading where it is available. A calibrated gauge I’ € G may instead return a nonempty
enclosure Cr; (x;z,u) C Y for the interface value. A sound deterministic enclosure obeys

I;I(X,Z, M) € CF,U(-X;Z; u)- (5)

A statistical reader assigns a stated coverage or decision risk instead of claiming deterministic enclosure; its
certificate retains that qualification [4, 5].

Definition 1 (Certified uniform Fit). A workpiece x Fits the declared receiving condition and use when

‘Fitj(x;z,u,F) & E+0 ANVneE: Cr,(xz,u) CK. 6)

The gauge is calibrated for the promised resolution and its reading supports the displayed inclusion. The acceptance
region is discriminating for the work: the declared class of readable outcomes includes passing and failing cases
whenever the task requires their distinction.

The nonempty perturbation condition prevents a vacuous pass. The enclosure inclusion makes the confidence of
the read explicit. In the exact-reader case Cr,,, = {I,}, this is the ordinary uniform test /,, € K for every admitted
perturbation.

For a scalar datum x( and absolute tolerance & > 0, take

K = [x0—&,x0 + &], 6 =y—xp. @)

Passing this tolerance certifies the selected use with residual ¢ still recorded. An instrumental reading may contain
more detail than the acceptance decision uses. The retained residual is available for another declared function.

A data set can be used to construct a reference before the tolerance is applied. For observations yi, ..., yy and
positive weights w;, the least-squares objective

N
S(a) = Z wi(y; —a)?
i1

has the unique minimum a. = (3; w;y;)/(3; wi), since S’(a.) = 0 and §”(a) = 2 3; w; > 0. This is a rule for
selecting an estimate; the resulting workpiece still receives its own Fit verdict under K. Legendre’s 1805 construction
and Gauss’s 1809 treatment supply the historical least-squares coordinate [2, 3].

III. Tue ConbiTiON OF ENOUGH

Let & be the operation’s history, and let oy (/) be a receipt preserving every distinction promised by the task. Define
Certy(x, o y(h)) to mean that all required tests, their source and calibration, their uncertainty or error claims, and
their verdict have been retained at the strength actually earned. Let Gatey (x, ) = can assert admissible completion
under the declared constraint. Let SafeStop; (x, /) assert that release of the active operation preserves the required
safety, holding, and hand-off relations.

Definition 2 (Condition of Enough). The present task is sufficiently completed at (x, /) exactly when

Enough;(x,h) <= Fit;(x;z,u,I')
A Certy(x, 05 (h))

(®)
A (Gatey(x, h) = can)
A SafeStop; (x, h).
A completed Fit, as distinct from its dimensional subtest, is the conjunction in (8). The stopping rule is
‘Enough ;(x,h) = Stop,(present operation). ‘ C))

2



TooL & TECHNIQUE A. V. Coppa

The four conjuncts are independently testable duties. Fit concerns the work’s receiving condition. Certificate
concerns what has actually been demonstrated. Gate concerns the permitted use. Safe stopping concerns the state
left behind when active work ceases. Their conjunction fixes an achieved condition, rather than a demand for
unlimited precision or a speculative claim that all possible future questions have been answered.

For a symbolic workpiece, the certificate may explicitly preserve three distinct requirements: every promised
relation survives, every introduced relation has authority, and every claim retains its earned strength. These can be
represented by the conditions

Edrop = 0, &ada =0, Estrength = 0. (10)
A physical dimensional tolerance is measured by its calibrated gauge; the three formal residuals are separate proof
obligations, not substitute units for a physical measurement.

IV. TooLs, RESOLUTION, AND THE SUFFICIENT GAUGE

The eye, conditioned eye, rule, calipers, fixture, go/no-go gauge, fixed-angle blade, microscope, telescope, and
computer are instruments of comparison. Their common office is to return an identified distinction at a declared
resolution. Their capabilities are specific: a rule carries length, a caliper supports dimensional comparison, a
go/no-go gauge evaluates an acceptance interval, and a computer executes formal rules on a typed record. A trained
hand or eye may serve as a reader when its comparison, calibration, and publicly retained result are specified.

For gauges of the same task, write I} <; I’ when the second resolves every distinction the first is required to
resolve, with a stated adapter between their readings. A gauge is sufficient if its outputs can decide all the required
Fit clauses. If the admissible set has a least sufficient gauge, that gauge is the minimum sufficient instrument. If the
tool order has incomparable sufficient elements, each may be minimal without being the unique minimum.

Selection of the gauge and completion of the task are different optimizations. The former asks how much resolving
power is needed. The latter asks when the work has acquired the required certified relation. Additional precision can
be valuable; it enters the same task exactly when it bears on a required clause. Thus:

Resolution serves Function. (11)

V. A MECHANICAL LAGRANGIAN FOR WORK

Let ¢ : [0,T] — R describe the workpiece state, a(z) € A the selected control, and § = f(q, a, t) the declared
admissible dynamics. The action must price the relevant work, time, tool use, and adjustments in consistent units. A
sufficiently general nonnegative quadratic instance is

Zi(q.4.a,1t) = $¢"M;(q)g + La"W;(g)a + cs(q,1), (12)

where M, W; are positive semidefinite and c¢; > 0. These coefficients are chosen and calibrated for the task, and
the resulting £y is a craft running cost. Its integral is

T
Aslg,a;T] =/0 Z;(q.q,a,t)dt. (13)

The model allows other nonnegative cost functions with the integrability and compositional properties used below.
The variational tradition of Euler, Lagrange, and Hamilton supplies the mathematical grammar for selecting
paths by an action functional [6, 7, 8]. The distinction matters: physical Hamiltonian action can be signed, and
Hamilton’s principle requires stationary variation. The task cost in (12) is deliberately nonnegative, so continuation
on a fixed path has the order property needed for a stopping theorem. Stationarity of a path, completion of its
purpose, and attainment of a global minimum are three different verdicts.
For a smooth unconstrained path with fixed endpoints and final time, an interior stationary point obeys the

Euler-Lagrange equation
doZ; 0%y

= . 14
dt 0q dq (14
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Under controlled dynamics and terminal constraints, the relevant necessary conditions instead involve the control
Hamiltonian and transversality, as in Pontryagin’s theory [16]. The derivation of a necessary condition does not
itself certify a global minimum or the terminal Condition of Enough; those remain independent tests [11, 12, 13].

V1. THE MECHANICAL STOPPING POINT

For an admissible evolving workpiece and receipt (¢(t), 4, ), define the first attained Enough time by

‘TJ = min{r > 0 : Enough,(¢(¢), h;)}, (15)

provided that the set contains an earliest member. An open acceptance boundary or an incomplete certificate may
leave the minimum unattained. In a discrete sequence of inspections n = 0, 1, . . ., when Enough is determined from
the evidence available by step n, the event {7; < n} is determined by that same evidence: the first-hit index is a
legitimate stopping time in the ordinary sequential-decision sense [14].

Theorem 1 (Prefix stopping and action). Let a fixed admissible trajectory (q, a, h) satisfy Enough;(q(7), h.) at an
attained T > 0. Suppose the completed certificate can be safely released at T, and the active cost satisfies £y > 0.
For every T > T on the same admissible extension,

T
Aslg.a;T) = Aylq,a;7] +/ Zydt > Aylg,a;7]. (16)

Equality holds exactly when the added interval has zero integrated action. If every nonempty interval of continued
active work carries positive integrated cost, stopping is strictly cheaper than continuing that same work path.

Proof. The action is an integral over a concatenated path. Additivity of the integral gives the equality. Nonnegativity
yields the inequality and identifies the equality case. The Enough and safe-release hypotheses make the prefix an
eligible completed operation. O

The theorem is exact at its jurisdiction: the first attained sufficient prefix is minimum-cost among its own eligible
extensions. Another admissible path may arrive at Enough with less total expenditure, or may require more time
while consuming less action. Finding a globally least-cost path is an additional optimization.

VII. THE GLOBAL MINIMUM-ACTION PROBLEM

Let £, be the class of path/control/duration triples obeying the task’s dynamics, safety, boundary and receipt
conditions, with Enough; (¢(T), hr) certified at their terminal time. The optimal task cost is

V,;= inf  Aylq,a;T]. 17
7 (q’u{rTl)GPJ Jlq,a;T] (17)

This optimization is over completed feasible work. The feasible set may be empty; its infimum may be approached

by paths without being attained. The classical direct method supplies a clean conditional existence criterion [13, 18].
Finite-dimensional endpoint inequalities are a different part of the same constraint discipline. At a regular local

minimum of a smooth function f(x) subject to g;(x) < 0, the Kuhn-Tucker necessary conditions take the form

VI + D AVgi(x) =0, 420, Aigi(x) =0,

under an appropriate constraint qualification. They identify active boundaries rather than replace a global minimality
proof [19].

Proposition 1 (Attainment under compactness). Suppose P is nonempty and sequentially compact in a declared
topology, and Ay is lower semicontinuous there with finite infimum. Then there exists an eligible triple (q., a., T.)
satisfying

Aslgs aT] = V.

4
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Proof. Choose a sequence of feasible triples whose action tends to V. By sequential compactness a subsequence
converges to an eligible limit. Lower semicontinuity gives action at the limit no greater than the liminf, which equals
V;. Minimality of the infimum gives equality. O

Thus a theorem about an attained global optimum requires explicit compactness, coercivity, or another existence
argument. The next model provides such an optimum directly by inequality, without assuming a general compactness
theorem.

VIII. EXACT MINIMUM ACTION TO A MEASURED TOLERANCE

Take a scalar workpiece coordinate ¢(¢) with control a(¢) = ¢(¢). Fix an initial reading go € R, a target datum x,
an absolute tolerance & > 0, and the accepted interval

K = [xo_g’x0+8]9 D :diSt(QO,K) :max{|510—x0| _890}' (18)
Let m, ¢ > 0 be calibrated cost coeflicients and let
Z(a) = 2a* +c. (19)

Here m is a work-cost coefficient (rather than a physical mass unless separately calibrated), and ¢ prices the duration
of active work. Assume the terminal Fit certificate and safe hand-off are available at the accepted boundary with
zero additional modeled action. Paths are absolutely continuous with ¢ € L?, ¢(0) = go, and ¢(T) € K.

Theorem 2 (Exact mechanical stopping point). If D > 0, the global minimum of fOT(%q'2 +¢) dt over all admissible
durations T > 0 and terminal points in K is attained by the constant-speed path to the nearest accepted endpoint.
Its duration, speed and action are

2
T. =Dy, Jad=+/=, A =DV2me. (20)
2c m

The optimal endpoint is the nearest point of K and the tool stops there. If D = 0 and all required evidence is already
available, T, = 0 and A, = 0.

Proof. For any eligible terminal point, |¢(T) — go| = D. The integral Cauchy—Bunyakovsky—Schwarz inequality
[9, 10] yields

[ iwrars (o 400 _ (q(1) - g0 _ D
o s E T =

Consequently, by the arithmetic—geometric mean inequality,

mD?
A > T +cT > DN2mec. 21)

Equality in the first inequality requires constant velocity; equality in the second requires 7 = D+/m/(2c). The
straight path to the nearest endpoint attains both conditions and supplies the stated solution. When D = 0 with its
certificate available, immediate stop is eligible and has zero action. O

The same result has two complementary formal readings. For fixed duration and endpoints, the Euler—Lagrange
equation gives m¢g = 0, hence constant velocity. For free terminal time the controlled Hamiltonian H = pa - &£ =
%az — ¢ vanishes at the regular optimum, giving |a.| = 4/2¢/m, consistent with (20). These are necessary-condition
checks; the preceding inequality proves the global bound [7, 8, 16].

The Bellman reading is equally exact. The minimum remaining action from a scalar state is
V(q) = V2mc dist(q, K). (22)

5
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For g outside K, V is differentiable and satisfies the stationary optimal-control equation

0:min{%a2+c+av’(q)}, V(g) = 0forg € K. (23)

acR

Indeed the minimizing feedback is a.(g) = —V’(q)/m, and substitution gives zero because |V’| = V2mec. This
connects the exact craft construction to Bellman’s principle of optimal continuation and stopping [17]. Within K,
certified Enough supplies the zero-cost stop option. Its actual use remains conditioned on the required receipt and
safe hand-off.

IX. THE CALIBRATED READING AND THE ACCEPTANCE BOUNDARY

The same nominal dimensional reading can carry an uncertainty enclosure. Suppose the gauge reports center y with
a justified deterministic half-width » > O:

Cr(y)=[y-r,y+r].

For target x( and tolerance &, the exact inclusion of the whole enclosure in the accepted interval is

Cr) €K = Iy-xol+r<e| (24)

For example, with xg = 10.00 mm, & = 0.10 mm and justified » = 0.02 mm, the reading y = 10.07 mm certifies Fit
because 0.07 + 0.02 < 0.10. The reading y = 10.09 mm has an enclosure extending beyond tolerance and therefore
calls for further evidence or adjustment. The decision follows the retained uncertainty and conformity policy, rather
than the nominal center alone [4, 5].

If the same deterministic half-width r < ¢ applies throughout a controllable scalar reading y = ¢, the accepted
set for a sound certificate contracts to

Keert = [x0 — (& —7),x0 + (£ —1)].

Theorem 2 then applies with D¢ey = dist(go, Keert) in place of D, provided its terminal certification and hand-off
assumptions hold. Measurement effort and delay can instead be included directly in &; when the task charges them.
This is the exact relation among gauge quality, tolerance, and the action needed to stop.

X. RECEIPTS, HISTORY, AND THE FINISHED OBJECT

A craft operation changes a workpiece while generating a separate record of what was compared, measured, and done.
Let H; be histories and ~ the equivalence relation of distinctions promised by the task. Let p; : H; — H; /~; be
their promised history read, and 7 : H; — X the terminal workpiece map.

Lemma 1 (Terminal-form reconstruction). If T(h;) = T (hy) while py(hy) # pj(hy), there exists no decoder
D : X — Hy/~; with D oT = py on both histories.

Proof. Functional evaluation at the equal terminal states gives D (T (hy)) = D(T(h;)), while the required outputs
py(h1) and py(hy) are distinct. One decoder value cannot equal both. m|

Hence a result claiming its path, proof, calibration, or repair history retains a sufficient separate receipt. With
operation a,, read y,, and verdict v,,, an append-only ledger is

Rus1 = sn0C(Ro, (an, Yn> V). | (25)

The record’s promised equivalence determines how much detail is actually required. A verified result can be reused
at its earned strength, while a changed datum, use, tolerance, tool calibration or new task receives a new comparison
address.
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XI. THE RUBICON AND THE STOPPING DISCIPLINE

A passing Fit is defined by the present certificate. A stronger question asks whether further admitted refinement of
the same task would preserve that verdict. Let I'” =; I" range over gauges with declared comparison adapters and
the same acceptance contract. Define

Rubicon; r(x, h) <= Enough,(x,h) A VI =; I : Fit; (x;F').‘ (26)

This is an optional refinement-stability property. The domain of its universal quantifier must be declared; a finite
sample of finer tools verifies only that finite set. Because Fit is a predicate, stability is an equality of certified
verdicts rather than a derivative of a Boolean value.

The Condition of Enough already authorizes a safe local stopping point. The Rubicon can be required where
a task expressly includes robustness under a family of finer readers. This difference is the mathematical form of
competent restraint: greater possible resolution and greater present responsibility have separate scopes.

The decisive craft sentences remain:

You keep what you carry; you carry what you keep. (27)

When it Fits, stop cutting. (28)

The first means that every promised relation and its evidence remain recoverable. The second applies after the full
Condition of Enough, with the instrument safely released and the completion receipt retained. An added task opens
a further jurisdiction while the completed one remains usable.

XII. MEANING AND FORMAL BOUNDARY

Enough is an achieved relation between form, receiving condition, use, evidence, and release. The first attained
stopping point and the least-action completed trajectory are separately defined. Both can be computed in the simple
tolerance model; in more complex tasks, they require declared controls, constraints, costs, measurement policies and
existence hypotheses. The method therefore has the same precision in a shop, a laboratory, a proof, or a program: its
reader and acceptance rule are selected for the function they actually serve.

The formal contributions are the definitions of certified Fit and Enough, the minimum-action work objective, the
prefix theorem, the conditional existence theorem, the exact scalar optimum and value function, and the receipt
reconstruction lemma. Established variational, optimal-control, sequential-decision, and measurement theories
supply their specific methods without losing their own theorem conditions. Herbert Simon’s analysis of bounded
decision-making supplies an adjacent interpretation of task-sufficient choice: a declared satisfactory condition can
govern release even where the wider search for an absolute optimum remains expensive [15]. The present result
adds a formal completion predicate and a conditional global work-cost calculation; it is not a theorem asserting a
universal human objective function.

THE PRESENT WORK RETURNS WITH ITS REQUIRED RELATION HELD.

ITS RECEIPT SURVIVES. ANOTHER ADMISSIBLE USE REMAINS AVAILABLE.

REFERENCE COORDINATES AND FORMAL SOURCES

The cited works are arranged by their exact contribution to the construction, rather than as a history of the entire
fields they represent. The measurement line fixes datum, error, and conformity; the variational line distinguishes
stationary action from minimization; the control line addresses action selection and optimal continuation; and the
memory line establishes the burden carried by a receipt. This paper reproduces the required elementary proofs in
place.
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