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We give an explicit Lorentzian SO(2) gauge-field witness in which local bundle descriptions glue exactly while
physical curvature, global holonomy, and proper-time difference remain independently readable. A nonnegative
gluing functional is built from section, connection, and transition-map defects; its zero locus is exactly the
simultaneous gluing condition. On R𝑡 × 𝑆1 × R𝑥 × R𝑦 , the connection 𝐴𝑎 = 𝑎𝜂 + 𝑓 (𝑡 − 𝑥/𝑐) 𝑑𝑦 has nonzero
source-free Maxwell curvature independent of 𝑎, while its holonomy around the circle is freely tunable by 𝑎. Two
timelike paths with common endpoints have unequal proper time independently of both. The construction isolates
one point: exact closure of local descriptions is a compatibility statement and need not be a flatness condition on
the physical connection.

I. LOCAL BUNDLE DATA AND THE COMPATIBILITY
FUNCTIONAL

Let (𝑀, 𝑔) be a time-oriented Lorentzian four-manifold and
let ℎ be an auxiliary Riemannian metric used only to form
positive norms. Let 𝐸 → 𝑀 be an oriented rank-two real
vector bundle with structure group SO(2) and positive fiber
metric ℎ𝐸 . On a finite trivializing cover {𝑈𝛼}, choose local
section representatives 𝑞𝛼, transition maps

𝑈𝛼𝛽 = 𝑒𝜒𝛼𝛽𝐶1 ∈ SO(2), 𝐶1 =

(
0 −1
1 0

)
, (1)

and local scalar connection one-forms 𝐴𝛼 ∈ Ω1 (𝑈𝛼). The
standard connection transformation law is

𝐴𝛽 = 𝐴𝛼 − 𝑑𝜒𝛼𝛽 . (2)

Define the local compatibility defects

Δ
𝑞

𝛼𝛽
:= 𝑞𝛽 −𝑈𝛼𝛽𝑞𝛼, (3)

Δ𝐴
𝛼𝛽 := 𝐴𝛽 − 𝐴𝛼 + 𝑑𝜒𝛼𝛽 , (4)

Δ𝑈
𝛼𝛽𝛾 := 𝑈𝛼𝛽𝑈𝛽𝛾𝑈𝛾𝛼 − 𝐼 . (5)

Assume continuity and square-integrability on the relevant
overlaps. For fixed 𝜅𝐴, 𝜅𝑈 > 0, set

F𝑞 :=
∑︁
𝛼<𝛽

∫
𝑈𝛼𝛽

∥Δ𝑞

𝛼𝛽
∥2
ℎ𝐸

𝑑volℎ, (6)

F𝐴 :=
∑︁
𝛼<𝛽

∫
𝑈𝛼𝛽

∥Δ𝐴
𝛼𝛽 ∥2

ℎ 𝑑volℎ, (7)

F𝑈 :=
∑︁

𝛼<𝛽<𝛾

∫
𝑈𝛼𝛽𝛾

∥Δ𝑈
𝛼𝛽𝛾 ∥

2 𝑑volℎ, (8)

FΛ := F𝑞 + 𝜅𝐴F𝐴 + 𝜅𝑈F𝑈 . (9)

a. Proposition 1 (exact gluing). Under the stated regular-
ity assumptions,

FΛ = 0 ⇐⇒ Δ
𝑞

𝛼𝛽
= 0, Δ𝐴

𝛼𝛽 = 0, Δ𝑈
𝛼𝛽𝛾 = 0 (10)

on every relevant overlap.
Proof. Each term in Eq. (9) is nonnegative. Vanishing

defects give FΛ = 0. Conversely, a zero finite sum with
positive coefficients forces every integral to vanish. Continuity
then forces each squared norm to vanish pointwise on its overlap.
□

The auxiliary metric affects numerical values away from
zero but does not alter the common zero locus used as the
gluing criterion.

II. EXPLICIT LORENTZIAN WITNESS

Take

𝑀 = R𝑡 × 𝑆1
𝜗 × R𝑥 × R𝑦 (11)

and let 𝜂 be the global closed one-form on the circle normalized
by

𝑑𝜂 = 0,
∮
𝑆1
𝜂 = 2𝜋. (12)

For constants 𝑐, 𝜌 > 0, define

𝑔 = −𝑐2𝑑𝑡2 + 𝜌2𝜂2 + 𝑑𝑥2 + 𝑑𝑦2. (13)

Use the trivial bundle 𝐸 = 𝑀 × R2. Let 𝑓 ∈ 𝐶2 (R) with
𝑓 ′ . 0, set

𝑢 = 𝑡 − 𝑥

𝑐
, (14)

and define the scalar connection family

𝐴𝑎 = 𝑎𝜂 + 𝑓 (𝑢) 𝑑𝑦, 𝑎 ∈ R. (15)

The corresponding matrix connection is 𝐴𝑎 = 𝐴𝑎𝐶1.
Its curvature is

𝐹 = 𝑑𝐴𝑎 = 𝑓 ′ (𝑢) 𝑑𝑢 ∧ 𝑑𝑦, (16)

which is independent of 𝑎 and nonzero whenever 𝑓 ′ ≠ 0. The
nonzero coordinate components are

𝐹𝑡 𝑦 = 𝑓 ′ (𝑢), 𝐹𝑥𝑦 = −1
𝑐
𝑓 ′ (𝑢). (17)
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Because the coefficients of Eq. (13) are constant,

∇𝜇𝐹
𝜇𝑦 = − 1

𝑐2 𝑓 ′′ (𝑢) + 1
𝑐2 𝑓 ′′ (𝑢) = 0, (18)

and the other divergences vanish. Thus

𝑑𝐹 = 0, 𝑑 ★𝑔 𝐹 = 0, 𝐹 ≠ 0, (19)

so the witness is a nonzero source-free Maxwell field.
Because Eq. (15) is globally defined, restrict it and any global

section to a finite trivializing cover using identity transition
maps. Every defect in Eq. (5) vanishes, and therefore

FΛ = 0 (20)

while Eq. (16) remains nonzero.

III. HOLONOMY AND PROPER TIME REMAIN
INDEPENDENT

For a loop ℓ winding once around 𝑆1 with 𝑑𝑦 = 0, Abelian
parallel transport gives

Hol𝐴𝑎
(ℓ) = exp(−2𝜋𝑎𝐶1). (21)

Varying 𝑎 spans SO(2) while the curvature Eq. (16) remains
fixed. Local curvature and global loop holonomy are therefore
independently tunable in this family.

Now fix

𝑝 = (0, [0], 0, 0), 𝑞 = (𝑇, [0], 0, 0), 𝑇 >
2𝜋𝜌
𝑐

,

(22)
and define

𝛾0 (𝑡) = (𝑡, [0], 0, 0), (23)

𝛾1 (𝑡) =
(
𝑡,

[
2𝜋𝑡
𝑇

]
, 0, 0

)
, 0 ≤ 𝑡 ≤ 𝑇. (24)

Both paths are timelike and have the same endpoints. Their
proper times are

𝜏[𝛾0] = 𝑇, 𝜏[𝛾1] = 𝑇

√︄
1 −

(
2𝜋𝜌
𝑐𝑇

)2
, (25)

so

Δ𝜏 := 𝜏[𝛾0] − 𝜏[𝛾1] > 0. (26)

The proper-time difference depends on (𝜌, 𝑇), the holonomy
on 𝑎, and the local Maxwell profile on 𝑓 . These data can be
varied independently within the explicit construction.

IV. COMPATIBILITY THEOREM AND BOUNDARY

Combining Eqs. (16), (20), (21), and (26) gives the adver-
tised witness:

FΛ = 0, 𝐹 ≠ 0,
Hol𝐴𝑎

(ℓ) arbitrary in SO(2), Δ𝜏 > 0.
(27)

The four quantities have different codomains and different
physical or geometric duties. Equation (27) proves coexistence
and independent tunability in one model. It supplies a direct
witness that exact gluing of local descriptions can close while
curvature-bearing physical transport remains nontrivial.

V. CONCLUSION

Compatibility closure is a statement about agreement among
local descriptions after the required transition maps are applied.
Curvature and holonomy are properties of the physical con-
nection, and proper time is a path functional of the Lorentzian
metric. The explicit family above keeps those offices separate
by construction. This is the precise sense in which exact gluing
can close without imposing flatness.
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