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Obtaining a four-dimensional continuum theory from covariant loop quantum gravity requires more than
convergence of spin-foam amplitudes. A viable refinement limit must glue local discrete geometric descriptions
consistently, descend through the gravitational constraints to physical states, and retain the propagating spin-two
sector of general relativity. Recent results sharpen this problem: sufficiently strong normalizable refinement
can collapse to a topological theory, whereas distributional refinement admits a rigging-map construction of the
physical state space; independently, Lorentzian EPRL amplitudes admit curved Regge sectors and perturbative
continuum analyses recover the massless transverse-traceless graviton pole. The missing piece is an exact
compatibility criterion that can close the discrete description without imposing flatness on the physical connection.

We formulate that criterion for local frame and boundary-geometric data carried by neighboring cells of a
spin-foam discretization. Group-valued transition maps define non-Abelian cocycle defects, while transported
bivector and induced-geometry residuals test agreement across shared faces. Their common zero locus defines
exact gluing. Because these residuals compare local descriptions after transport rather than constrain the
curvature-bearing face holonomy, compatibility closure does not impose dynamical flatness. An earlier explicit
continuum construction, Motion and Difference, supplies a direct witness of this separation: exact gluing coexists
with nonzero curvature, nontrivial holonomy, and unequal proper time.

Refinement is then required to preserve the compatibility transport and the chosen observable readout before
passage to the distributional physical state space. The resulting closure criterion is non-erasing: compatibility
defects vanish while a spin-two-resolving physical observable satisfies ‘W5[Gpnys] # 0. Thus a topological
limit is excluded as an acceptable gravitational closure even when its coarse amplitudes converge. For the
completed compatibility transport G, the cocycle structure closes around the boundary of each compatibility

—
two-cell as [T.c57G. = I, while the physical connection holonomy may remain nontrivial. Under the stated
distributional-refinement and infrared spin-two hypotheses, the remaining ultraviolet test is model-specific:

identify a physical deformation whose two-point function has nonzero spin-two residue.

I. PROBLEM AND RESULT

Canonical loop quantum gravity (LQG) provides a
background-independent quantization of geometry in terms
of holonomies and fluxes, with spin-network states furnishing
the standard kinematical basis [1, 2]. Covariant dynamics is
encoded by spin-foam amplitudes, in particular the Lorentzian
Engle—Pereira—Rovelli-Livine (EPRL) model, whose boundary
states are the SU(2) spin networks of the canonical theory
[3, 4].

A continuum construction must satisfy several logically
distinct requirements:

(i) local descriptions must define one compatible discrete
geometry;

(ii) the gravitational constraints must select the physical sec-
tor;

(iii) dependence on the chosen discretization must be removed;

(iv) physical observables must survive the quotient and con-
tinuum limit;

(v) the long-distance theory must retain the propagating spin-

two sector of general relativity.

No one item substitutes for the others. In particular, convergence
of amplitudes is not by itself sufficient: a continuum limit
can converge so strongly that the resulting theory becomes
topological [9].

The argument below keeps the corresponding interfaces
explicit. Compatibility of neighboring descriptions is tested
without imposing a flatness condition on the physical connec-
tion; removal of discretization dependence is separated from
passage to the physical quotient; and passage to the physi-
cal quotient is separated from the observable test of spin-two
survival.

The new step developed here is the compatibility layer. Local
frame changes are assigned group-valued transition maps; their
cocycle defects detect failure of atlas consistency, while trans-
ported bivector and induced-geometry residuals detect failure
of neighboring cells to assign the same boundary geometry.
The common zero locus defines exact gluing. This construction
is then composed with three established ingredients: the EPRL
constrained-BF gravitational sector, the distributional contin-
uum construction of Bruno et al. [9], and the perturbative
spin-two continuum sector of Dittrich and Kogios [7]. The
resulting criterion has the form

7:comp =0, W, [gphys] # 0. (D

The first condition says that the descriptions close; the second
says that the target massless spin-two sector survives that
closure.

A final distinction is essential. Let U, denote the physical
connection transport around a curvature-bearing dual face and
let G, denote the completed compatibility transport between



already matched local descriptions. In general,
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need not equal the identity. By contrast, after compatibility has
been established, the transition product around the boundary
of a compatibility two-cell satisfies
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Equation (3) is therefore a closure relation for the completed
description, not a flatness condition on the physical gravitational
connection.

II. CANONICAL BOUNDARY DATA AND COVARIANT
AMPLITUDES

Let I be an oriented graph with £ (I") links. Before imposing
gauge invariance at the nodes, the graph Hilbert space is

He = 12(SUQFD, dup, "), )

with dup the Haar measure. Gauge-invariant spin-network
states assign an irreducible representation j € %No to each link
and an invariant intertwiner to each node. Cylindrical consis-
tency over graphs gives the standard Ashtekar—Lewandowski
kinematical Hilbert space Hii, [1].

The Lorentzian EPRL model uses SL(2, C) in the bulk and
SU(2) spin networks on the boundary. In the conventional
unitary-principal-series notation, the simplicity map selects

p=vj. k=], )
where vy is the Barbero—Immirzi parameter [4]. Thus canoni-
cal boundary states and covariant amplitudes already share a
representation-theoretic interface.

For a two-complex or triangulation A with boundary graph
I, write the regulated amplitude schematically as

Zy: Dr — C, (6)

where Dr is a suitable dense boundary domain. Refinement
changes A and generally changes Zx. The continuum problem
asks for a regulator-independent physical object obtained from
a directed family of such amplitudes.

III. COMPATIBILITY OF LOCAL DISCRETE
DESCRIPTIONS

A. Transition maps and cocycle defects

Consider a finite family of local cells or patches {U , } adapted
to a spin-foam discretization. Each cell carries a local frame for

the discrete geometric data. On a nonempty overlap U, N Ug,
let

Gap:UaNUg — G )

be the change of local frame, with G = SL(2,C) in the
Lorentzian bulk or SU(2) on the canonical boundary. In-
dices are ordered so that G ,g transports data from the § frame
to the @ frame. We assume

Gpa =G 8)
On a triple overlap define the non-Abelian cocycle defect
Cogy = GapGpyGya- )
Atlas consistency is the exact condition

Under a change of local frames #,, the transitions transform as

on every nonempty triple overlap.  (10)

Gap = haGaphy', (11)
SO
Capy = haCapyhy'. (12)

Hence the zero locus (10) is independent of the chosen local
frames.

The following finite lemma makes the content explicit.

a. Lemma I (finite non-Abelian compatibility on a sparse
2-complex). Let K be a connected finite two-dimensional cell
complex with oriented edge data G, € G satisfying G; = G .
If an oriented path is listed in traversal orderas £ = (ey, ..., e,),
write its transport as G¢ := G, - - - G¢,. Suppose the ordered
product around the boundary of every oriented two-cell f c K
is the identity,

—_—
Gos = [|Ge=1. (13)
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Then on every connected simply connected subcomplex Ky € K
there exist vertex frames s, € G, unique up to common right
multiplication, such that for every oriented edge ¢ : u — v in
Ko,

G, =sps-l. (14)

u

In particular, if K is simply connected, the factorization holds
globally.

Proof. Choose a base vertex vy and a spanning tree 7 of
Ko. Set sy, = I and, for each vertex v, define s, to be the
ordered transport along the unique tree path from v to v, using
G: = G, when an edge is traversed against its orientation.
Thus for every tree edge e : u — v, one has s, = G.s,,, which
is equivalent to (14). For an edge e : u — v not in 7, the tree
path from v to u, followed by e, followed by the reverse tree
path from v to vy, is a closed loop. Because every oriented face-
boundary word is mapped to /, edge-word transport is invariant



under the elementary two-cell homotopies and therefore factors
through the fundamental groupoid of Ky. Since Kj is simply
connected, every closed edge loop represents the identity in
71 (Ko, vo) and hence has transport I. Applied to the loop just
described, this gives

s Gesy=1, (15)

which is equivalent to (14). If {¢,} is a second factorization,
then s; ', is constant along every edge; connectedness gives
t, = s,k forone k € G. |

For a simplicial nerve, each two-cell is a triangle and (13)
is exactly the cocycle condition (10). Completeness of the
one-skeleton is not required. The lemma says only that trivial
compatibility transport around the faces makes the transition
data pure gauge on any simply connected region. Its role is
limited and precise: it characterizes compatibility of frame
changes, not the physical curvature of the gravitational connec-
tion.

B. Transported bivector and induced-geometry matching

Cocycle consistency alone does not guarantee that neighbor-
ing cells assign the same geometry to a shared boundary. Let
cells v and v’ meet at a common face f. Suppose X,y and
X, ¢ are local representatives of the same geometric datum in
the two frames. Let G, carry the v frame into the v’ frame
and let px be the relevant representation. Define

AX

Wi T Xy g = &vvf Px(Gy) Xy, (16)

where &,,/r = %1 records the chosen relative orientation
convention. Exact transported matching is

NS, =0. (17)

For bivectors one may write
AY s = Buy = vy Adg,, Buy. (18)

For the induced intrinsic geometry of the shared face, after both
local descriptions have been expressed in one frame, define

AL =g =gl (19)
The distinction is standard in discrete LQG geometry: twisted
geometries can be locally well defined while adjacent local
patches fail to glue into a single Regge geometry, and shape-
matching conditions select the Regge subsector [5].

Equations (18) and (19) therefore test two distinct compatibil-
ity conditions. The bivector residual tests transported geometric
agreement in the chosen representation; the induced-geometry
residual tests whether the common face has one intrinsic geom-
etry rather than two locally compatible but mutually twisted
descriptions.

C. The compatibility zero locus

Choose positive auxiliary norms on the finite-dimensional
spaces in which the defects are evaluated. For the noncompact
Lorentzian group the numerical norm is auxiliary; only the
simultaneous zero locus will be used. Define

%omp = Z Wa,87||Car,By - 1”2
aBy

+ A5 Y AL 12+ 2y Y IIALL P, (20)
w' f w' f

with strictly positive weights. Then

C(xﬁy =1,
Feomp =0 = A8, =0, (21)
9 _
Avv’f =0,

throughout the finite complex under consideration.

No numerical value of (20) away from zero is assigned
invariant physical meaning here. The statement used below is
exactly the zero-locus statement (21).

IV.  EXACT GLUING DOES NOT IMPLY FLATNESS

The compatibility conditions above constrain how local
descriptions fit together. They do not set the physical connection
curvature to zero. This distinction is already explicit in a
continuum gauge construction developed in Ref. [11]. There, a
positive gluing functional ¥ satisfies

Fan=0 (22)

exactly when the local section, connection, and transition-
map defects vanish, while an explicit Lorentzian realization
simultaneously has, for its SO(2) gauge curvature F' = dA,

F #0, Hola(¢) # 1, At #0. (23)

Within that family, the global holonomy can be varied while the
nonzero curvature is held fixed, and the proper-time difference
is controlled independently by the chosen endpoint-sharing
paths. Thus exact gluing is compatible with nonzero curvature,
nontrivial global holonomy, and unequal proper time. The
quantities in (23) have different codomains and are not identified
with one another.

The same logical separation is required in a spin-foam setting.
Let the physical connection transport around a dual face f be

™= [ v 24
= 1 e (24)
ecof

The condition H;hys = I is a flatness condition on that physical
transport. It is not the compatibility condition (21). Therefore

7:comp =0 = H;hys =1 (25)




This is not merely a logical possibility. Lorentzian EPRL
amplitudes admit curved Regge configurations with nonzero
deficit angles in the semiclassical regime [6]. In those con-
figurations the amplitude is governed by the Regge action
plus higher-curvature corrections. Compatibility of the local
discrete geometry is therefore not purchased by requiring the
physical curvature to vanish.

V. GRAVITATIONAL-SECTOR SELECTION AND CURVED
EPRL GEOMETRY

The distinction between topological BF theory and gravity is
carried by the simplicity constraints. In the EPRL construction,
the simplicity map selects a constrained gravitational sector of
the Lorentzian BF carrier [3, 4]. Schematically,

Sy
7{BF e ﬂgrav- (26)

The simplicity map is not part of the compatibility functional
(20); it has a different type and a different physical role.

Han, Huang, Liu, and Qu identified dominant complex
critical points of large-j Lorentzian EPRL amplitudes cor-
responding to curved Regge geometries with small nonzero
deficit angles [6]. In the relevant semiclassical regime,

Zp ~ exp(ilp) , 27

Ip = SRegge[A] + higher-curvature corrections.

Thus curvature can live inside the constrained gravitational
sector. The compatibility problem and the curvature problem
are not two names for one obstruction.

The correct order is therefore

Feomp=0 . .
local consistency -, global discrete carrier (28)

S
- gravitational sector.

with H;.h ”* left free to encode the physical curvature of that
sector.

VI. REFINEMENT AND THE PHYSICAL-STATE
QUOTIENT

A. Refinement must preserve transport and readout

Let A < A’ denote refinement and let
tan 2 Dp — Dn (29)

be the corresponding boundary refinement map. Denote by T
the compatibility transport induced on the local compatibility
data at scale A. The minimum refinement requirement used
here is the commuting square

tan © Tp = Tpr o tpnr. (30)

Equation (30) says that refining the representation of a trans-
ported datum and transporting its refined representative describe
the same compatibility relation.

Likewise an observable readout cannot depend on which
regulator representative was used. If r is the chosen readout
map at scale A, its refinement law must factor through a map
tan’ on readout space:

YAr O LA = AN O TA. (3D

These equations are not asserted as automatic properties of
every spin-foam refinement scheme. They are the interface
conditions required for a refinement sequence to preserve the
compatibility statement and the observable used to certify
physical survival.

B. Strong convergence and the topological obstruction

Bruno, Colafranceschi, Mele, and Rovelli give a model-
independent analysis of the spin-foam continuum limit [9].
Under natural assumptions, sufficiently strong convergence
of the amplitude net in the inductive Hilbert space yields a
TQFT-type continuum. A four-dimensional continuum in-
tended to retain propagating gravitational degrees of freedom
therefore cannot require every refined amplitude to converge as
an ordinary normalizable vector of the kinematical inductive
limit.

The weakened construction is distributional. For a boundary
%, choose a Gelfand triple

Ds ¢ HM c D (32)

The refined amplitude may converge in D rather than strongly
in HiM. For the cylinder, the continuum amplitude defines a
rigging map

Pz . DZ —> Dé, (33)

and the corresponding physical space is

HE™ = Dy [ker Ps. (34)

The quotient in (34) is crucial. Equality of physical states is
equality of equivalence classes, not equality of all kinematical
representatives.

Let

phys : Dy — HE™ (35)

be the quotient map. Then for y € ker Ps,
Iphys (@) = phys (& + X), (36)
while a physical observable may still distinguish inequivalent

classes. This is the appropriate level at which the ultraviolet
and infrared sectors must be compared.



VII. A SUFFICIENTLY RESOLVING PHYSICAL
OBSERVABLE

A physical-state construction does not by itself establish
gravitational dynamics. The continuum criterion must include
an observable capable of distinguishing the propagating mode
that the theory is required to retain.

Dittrich and Kogios analyzed the Area Regge action on a
regular centrally subdivided hypercubical lattice and extracted
its continuum limit order by order in the lattice spacing a [7]. To
leading order, the length-metric sector reproduces the graviton
dynamics of linearized general relativity. After the additional
non-length-metric degrees of freedom are integrated out, the
next correction to the effective action is second order in a and
quadratic in the linearized Weyl curvature. Schematically,

Séé) = S](;; + ach / d4x C;(tl\/)pac(])ﬂVpa—
+ higher-order terms. 37)

After gauge reduction the radiative perturbation is transverse
and traceless,
TT _ TT _
dih;; =0, h;; =0, (38)
and carries the two helicity-two polarizations. The correspond-

ing long-distance two-point function has the massless spin-two
pole

Prr(k)

70 (k* - 0), 39)

Grr(k) ~

where Prr is the transverse-traceless projector. Earlier spin-
foam metric-correlation calculations recover the expected per-
turbative graviton behavior in controlled large-spin/vertex ex-
pansions [8].

Define the physical spin-two residue

WL2[G] = klgglo k2 Prr(k)G (k) Prr(k). (40)

The continuum-survival condition is
Wa[Gpnys] # 0. 41

A scalar partition function, trace, or coarse amplitude may be
exactly defined and still be too coarse to certify (41). The
observable used to claim physical survival must resolve the
structure claimed to survive.

Combining Sections III-VII gives the non-erasing closure
criterion

7:comp =0 A W [gphys] # 0. 42)

Equation (42) excludes a purely topological endpoint as an
acceptable gravitational continuum even if its coarse amplitudes
converge.

VIII. THE ULTRAVIOLET FIXED POINT AND THE

MODEL-SPECIFIC MATCHING TEST

Han’s 2026 construction considers the complete Lorentzian
covariant LQG amplitude obtained by summing spin-foam
amplitudes over two-complexes [10]. Spin-network stacks and
their covariant spin-foam stacks organize that sum into families.
At a candidate ultraviolet small-spin fixed point, the complete
amplitude reduces to a topological theory at leading order
and the triangulation ambiguity is reduced to finitely many
boundary coefficients.

The first propagating corrections occur away from the leading
topological fixed point. We write their structure schematically
as

d(A) = +A'Z7V +0(A7?), (43)

where (43) is only notation for the first nontrivial deformation
sector, not an identification of Z}N with any independently
defined geometric scalar or operator.

The model-specific ultraviolet test is therefore

the complete amplitude satisfies the

distributional physical-state hypotheses,
uv uv
[Z}N]phyS contains a component Zl(z),

W, [Qzl(z)] #0.

Here [Z{V ] phys denotes the physical class induced by the defor-
mation after the constraints and gauge redundancies have been
removed; the arrow is schematic notation for passage through
the rigging-map/quotient construction, not an additional pro-

Jection operator. The object G is the physical two-point
1

function induced by the spin-two component.

The first line of (44) is not automatic: Ref. [9] supplies a
model-independent distributional construction, while Ref. [10]
supplies a specific complete ultraviolet amplitude. The liter-
ature has not yet shown that the latter realizes all hypotheses
of the former on the required physical boundary domain. Nor
has the relevant subleading deformation been directly matched
to the infrared spin-two sector. The target of the calculation is
nevertheless fixed by (41).

This distinction prevents an open model-specific calculation
from being promoted into a gap in the compatibility theorem
itself. If (44) is satisfied, the candidate ultraviolet construction
is directly joined to the established infrared gravitational mode.
If every relevant physical deformation has vanishing spin-two
residue, that ultraviolet realization does not flow to ordinary
four-dimensional graviton dynamics.

IX. COMPATIBILITY CLOSURE THEOREM

We can now state the result in the order in which each
ingredient has been earned.



a. Theorem 2 (non-erasing continuum closure). Consider
a directed family of covariant loop-gravity discretizations satis-
fying the following hypotheses:

(i) ateach scale, neighboring local frames and boundary data
satisfy the exact compatibility condition (21);

(ii) the gravitational sector is selected by the stated EPRL
simplicity construction;

(iii) refinement preserves the compatibility transport and ob-
servable readout through (30) and (31);

(iv) the refinement limit satisfies the distributional hypotheses
yielding the physical quotient (34);

(v) the physical two-point function satisfies the spin-two
survival condition (41).

Then the compatibility relation and the spin-two survival cri-
terion compose on the physical refinement chain without im-
posing a flatness equation on the physical connection. In
particular,

Feomp =0 = HY =1, (45)

Let Kcomp denote the two-skeleton of the compatibility nerve
determined by the transition data. For every connected simply
connected subcomplex Ko € Kcomp, Lemma 1 gives vertex
frames on Ky. Hence every closed oriented edge loop ¢ =
(e1,...,en) C Ky satisfies

G :=Ge, - Ge, = 1. (46)

In particular, for every compatibility two-cell f C Ky,

P
]_[ Go=1. (47)
ecof

Proof. Hypothesis (i) gives exact compatibility at each scale.
Hypothesis (ii) places the dynamical data in the constrained
gravitational sector without replacing compatibility by a flatness
condition. Hypothesis (iii) preserves the compatibility transport
and observable readout under refinement, while hypothesis (iv)
carries the construction to the physical quotient. Hypothesis (v)
supplies a nonzero physical spin-two witness on that quotient.
Thus the joint criterion (42) is well defined along the stated
physical refinement chain. On the compatibility two-complex,
the face cocycle condition and simple connectivity of Kj
give the spanning-tree factorization of Lemma 1; ordered
composition around any closed loop in Ky then telescopes, and
the boundary of a compatibility two-cell gives (47). No step
identifies G, with the physical connection transport U,, so

Eq. (47) places no condition H;hys = [ on the curvature-bearing
gravitational holonomy. O

The theorem can be displayed in the verification order

Feomp=0 . . .
local geometric data S N compatible discrete carrier

Sy o
e grav1tat10na1 sector

thys W, #0

compatibility closure

refinement

spin-two survival

G, =1
of

(48)
The last equality is the retained compatibility closure, displayed
only after the physical spin-two content has been independently
certified.

X. DISCUSSION

The continuum problem in covariant LQG is often phrased
as a single demand to remove the regulator. The results
assembled here show why that formulation is too coarse. A
useful continuum construction must distinguish at least three
kinds of closure.

First, local geometric descriptions must be mutually compat-
ible; the cocycle, transported bivector, and induced-geometry
residuals test this requirement. Second, gravitational-sector
selection and gauge/constraint reduction must be handled by
the simplicity map, the rigging map, and the quotient by ker Ps.
Third, the continuum theory must retain a nontrivial gravi-
tational observable, certified here by the transverse-traceless
two-point function and its nonzero spin-two residue.

The compatibility functional is therefore deliberately not a
curvature functional. Setting it to zero removes descriptive
mismatch, not physical gravitational curvature. That distinction
is independently witnessed by the explicit continuum gauge
example of Ref. [11] and by the existence of curved Regge sec-
tors in Lorentzian EPRL amplitudes [6]. The same distinction
prevents the final product (47) from being misread as a return to
BF flatness: the product is taken over compatibility transitions,
not over the physical connection transports of Eq. (24).

The distributional refinement result of Bruno et al. and the
ultraviolet fixed point of Han address complementary sides
of the continuum problem [9, 10]. The former identifies
how a physical Hilbert space can arise without the strong-
convergence topological collapse. The latter supplies a concrete
complete-amplitude ultraviolet organization whose leading bulk
is topological. Their direct composition is not yet established.
Equation (44) gives the required model-specific test after the
physical quotient, where the relevant deformation must be
evaluated by an observable capable of resolving the spin-two
mode.

No identification is made here between the refinement pa-
rameter A~! in the ultraviolet expansion, the lattice spacing a>
in the Area Regge continuum expansion, a curvature scalar, or
a compatibility residual. They belong to distinct constructions
until an explicit dynamical map relates them.



XI. CONCLUSION

A four-dimensional gravitational continuum requires more
than convergence. Local descriptions must glue, the gravita-
tional constraints must select the correct physical sector, refine-
ment must descend to a physical quotient, and the continuum
observable algebra must retain the massless transverse-traceless
spin-two mode.

The compatibility construction introduced here isolates the
first requirement without consuming the others. Non-Abelian
cocycle defects test the frame atlas; transported bivector and
induced-geometry residuals test shared-face agreement; their
simultaneous zero locus defines exact gluing. This closure
does not impose physical flatness. The physical connection
may retain nontrivial holonomy and curvature, and the physical
continuum must retain nonzero spin-two residue.

Under the stated refinement and physical-state hypotheses,
these conditions compose into a non-erasing continuum crite-

rion,
%omp =0, W, [gphys] #0, (49)

followed by the exact compatibility closure

—

n G.=1 (50)

The unresolved ultraviolet step is then conditional and model-
specific: determine whether the complete covariant ampli-
tude admits the distributional physical-state construction and
whether at least one relevant physical deformation has nonzero
spin-two residue. The compatibility theorem itself does not
require that calculation to be assumed in advance.
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