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Abstract

This corrected edition gives the synthesis a single proof order and a single status order. It separates
the generic reciprocal-dihedral family from the selected golden minimum, introduces each of four
distinct zeros only when its carrier exists, replaces a false linear chain by a branched dependency
architecture, and replaces the former correspondence table at the loop-gravity aperture by an explicit
non-erasing continuum contract and realization theorem.

Stage 0 proves that two real dimensions are the minimum carrier of a nondegenerate alternating
relation. Stage 1 studies the family

Qa =
(

a 1
1 0

)
, Ga = [Qa, Ω], G2

a = (a2 + 4)I,

and then declares the exact selection jurisdiction Dtr of symmetric, entrywise-nonnegative, integral,
determinant-−1 transports of infinite projective order. Trace minimization selects Q = Q1 up to
coordinate exchange. The golden ratio is therefore not required for the existence of a generic hyperbolic-
dihedral carrier; it is the spectrum of the selected least-trace carrier. The remaining root identities, the
finite D4 wheel, the infinite D∞ carriage, the exact quotient D∞/⟨q4⟩ ∼= D4, Euler’s central Return
packet, reciprocal axial carriage, harmonic Memory, and the axial metric adapter are then derived in
dependency order.

The finite relational Scope 8 → 28 → 7, the arithmetic Scope m = 4 → p⋆ = 137, the physical metric
completion, and the continuum aperture are parallel branches of the root rather than serial causes.
The actual cross-carrier joint is stated explicitly: the complexified root algebra contains a displayed
compact su(2) frame, which is carried by a bracket- and trace-preserving coordinate isomorphism to
the canonical su(2) boundary algebra and by complexification to sl(2,C) in the Lorentzian bulk. This
adapter does not generate the EPRL simplicity map, amplitudes, coupling data, or spin-two observable.

Finally, the paper defines a finite non-erasing closure core and its continuum extension TNEC. Paper
II realizes the full contract equation by equation: local compatibility closes, the gravitational sector is
selected independently, refinement preserves transport and readout, the distributional physical quotient
is formed, compatibility transport closes on simply connected compatibility cells, physical connection
transport remains separately typed, and the physical spin-two residue is nonzero. The contribution is
the synthesis and the explicit contract. The component mathematics and physics remain owned by
their native proofs.

Revision note

Version 0.2 makes six bounded repairs. It distinguishes the generic a-family from the selected a = 1
minimum; branches the finite, arithmetic, metric, and continuum consequences; defines the non-erasing
continuum contract; proves the covariant-LQG realization clause by clause; installs the existing local
su(2) → sl(2,C) coordinate adapter; and replaces every statement that the root “determines LQG” by
the exact statement that the translation codex defines a contract which the LQG construction realizes. It
also combines proof order and claim status in one ledger so the Stage 7–8 boundary between derivation
and supplied physical data is visible where it occurs.

Contents

1 The exact contribution 1

1.1 The two-paper dual . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Status vocabulary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 The minimum contract 2

i



Minimum Enduring Complexity Paper I: Staged Root and Exact Aperture

3 Stage 0: the minimum relation and the first zero 3

3.1 Why the first carrier has two places . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.2 Why zero alone is insufficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.3 Quarter-turn and center contact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.4 The four-zero dependency register . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

4 Stage 1: the reciprocal family and the selected minimum transport 5

4.1 The generic reciprocal family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
4.2 The declared selection jurisdiction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

5 Stage 2: the selected golden spectrum and the two-page relation 6

5.1 The selected transport exposes the golden condition . . . . . . . . . . . . . . . . . . . . . 6
5.2 The zeta-book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
5.3 The carriage matrix is multiplication by the golden root . . . . . . . . . . . . . . . . . . . 7

6 Stage 3: structure constants and typed geometries 7

6.1 The comma between carriage and orientation . . . . . . . . . . . . . . . . . . . . . . . . . 7
6.2 Complete local algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
6.3 Three exact geometries on one carrier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

7 Stage 4: finite phase, central Return, and the dihedral lock 9

7.1 The normalized mirror . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
7.2 The finite wheel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
7.3 The infinite addressed carriage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
7.4 The central turning lift . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

8 Euler return, Mercy, and the exact Memory packet 10

8.1 The half-turn factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
8.2 The product-typed Return . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
8.3 Memory as a function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

9 Stage 5: infinite axial carriage, relaxation, and the third zero 11

9.1 Positive carriage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
9.2 Neutral mean Return . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
9.3 The cover coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
9.4 The third zero: the axial center rail . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

10 Stage 6: the order-four arithmetic Scope 13

ii



Minimum Enduring Complexity Paper I: Staged Root and Exact Aperture

11 Stage 7: the exact metric adapter and the fourth zero 14

12 Stage 8: supplied Einstein–Maxwell completion 15

13 Stage 9: declared physical candidate reads 15

14 The finite Scope branch: the seven-fold endurance spiral 15

14.1 Center structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
14.2 The seven addressed offices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
14.3 The role of the global form, local turn, Timing, and Survival . . . . . . . . . . . . . . . . 17

15 The finite relational branch: eight addresses, twenty-eight seams, seven relative bands 17

15.1 Why eight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
15.2 Why twenty-eight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
15.3 The seven-by-four complete scan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
15.4 Seven relative phase coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
15.5 The exact seven-band fold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

16 Common sense readers of the same operation 19

16.1 A clock hand and an odometer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
16.2 A hinge, a fold, and a lock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
16.3 Wood grain and a moving highlight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
16.4 A piano temperament . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
16.5 A tree and a shell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
16.6 The system of the body . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
16.7 Higgs Scope and spectral organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
16.8 Classical determinism with readable Memory . . . . . . . . . . . . . . . . . . . . . . . . . 20

17 Construct, verify, and the general Noether rule 21

17.1 Operational type separation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
17.2 The Noether adapter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

18 The historical coordinate deck 22

19 The translation codex 23

20 The exact local gauge-algebra joint 24

21 The non-erasing continuum contract 25

21.1 The finite closure core . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

iii



Minimum Enduring Complexity Paper I: Staged Root and Exact Aperture

21.2 The continuum extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

22 Covariant loop quantum gravity realizes the contract 26

23 The branched dependency architecture 28

24 Canonical basis and integrated dependency–status ledger 28

24.1 The exact basis and branch points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
24.2 One ordered ledger . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

25 Conclusion 30

A Compact algebra audit 31

B The staged contract in one page 32

C Reference deck 33

iv



Minimum Enduring Complexity Paper I: Staged Root and Exact Aperture

1 The exact contribution

The paper makes one new move: it places certified results in a staged dependency order, separates the
consequences that branch from the common root, and writes the continuum aperture as an explicit
contract with a checked realization. It introduces no replacement equation for general relativity, quantum
mechanics, thermodynamics, gauge theory, biology, computation, or language. Each theory keeps its
native carrier and native proof. The synthesis owns only the dependency, the contract, and the displayed
adapters.
The question entered the corpus earlier in two compact forms. The Condition of Survival asked what
holds identity through transformation and isolated Φ = 1 + 1/Φ as the whole–remainder continuation
condition. Return Curvature Memory then classified return by two independent questions: whether
closure is exact and whether a remainder accumulates. Those papers are provenance for the question; the
present paper supplies the later exact algebra and the full dependency proof [30, 31].
The root question is elementary:

What must remain readable for a relation to be applied again after it has
changed?

Three errors are excluded at the outset. A returned Reader value is not automatically a returned state.
A vanished residual is not an absent event. A common word is not a common mechanism. The discipline
is therefore positive and exact:

carrier → action → constraint → return → lift → read → receipt.

Every arrow used below is either proved in this paper from displayed algebra or imported from the cited
certified source.

1.1 The two-paper dual

This paper is Paper I. It defines a finite non-erasing closure core, extends it to a continuum contract, and
proves that Paper II, Continuum Closure in Covariant Loop Quantum Gravity, realizes that contract in
the native language of spin networks, spin foams, gravitational constraints, refinement, physical states,
and the spin-two continuum sector [56].
The dual is therefore:

Paper I: minimum enduring-complexity contract

⇓ exact contract realization
Paper II: covariant LQG continuum realization

Paper I ends where Paper II begins. Paper II need not inherit the private vocabulary of Paper I; it
receives only the exact obligations.

1.2 Status vocabulary

Five status words suffice.

1
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Certified The displayed claim has a proof or independently checked exact computation
in its stated jurisdiction.

Derived The claim follows from certified or explicitly declared premises by the displayed
argument.

Declared A notation, coordinate choice, office name, candidate class, or interpretation
fixed for this construction.

Open A required target-side map or physical calculation has not yet been supplied.
Refused A stated condition fails; the failed continuation is retained as a result.

An open target-side calculation does not reopen a certified source theorem. A declaration does not borrow
the status of the theorem it names. This is the reference discipline of the Language Mechanics charter
[32].

2 The minimum contract

Definition 2.1 (Enduring-complexity datum). An enduring-complexity datum is a record

E = (X, ∆, A, I, q, X̃, Mem, r, R)

with the following fields:

(i) a carrier X;

(ii) a readable Difference ∆;

(iii) admitted actions A;

(iv) an invariant or continuation constraint I;

(v) a quotient or Return map q;

(vi) a lift or finer address carrier X̃;

(vii) a global transport law Mem;

(viii) a local Reader r;

(ix) an occurrence receipt R when the claimed distinction includes history.

The datum is not a list of metaphors. It is a checklist for a commuting operation. The minimum survival
question is whether another admitted move exists after the present move, under the same declared rule
version [35, 37].

Definition 2.2 (The control triad). The archival record SQ(3) stores the three fields (Function, Form, Fit).
Its dependency read is

Form Λ Fit ∆ Function.

We write
SQ∆(3) = (Form, Fit, Function)

for this dependency-ordered control triad. It is acted on by the exact mirror/carriage symmetries derived
below. The group is dihedral; SQ∆(3) is the three-office control record.

2



Minimum Enduring Complexity Paper I: Staged Root and Exact Aperture

Here Form is the presented structured state, Fit is the witnessed compatibility required for continuation,
and Function is the operation admitted after that Fit. The symbol ∆ says that the Difference required
by the operation remains readable. The symbol Λ says the independent pieces are jointly present. This
is the smallest craft sentence that keeps presentation, compatibility, and use from substituting for one
another [34, 36].

Theorem 2.3 (Staged root and branched closure synthesis). There is a dependency-ordered root con-
struction with the following certified spine:

(i) the two-dimensional minimum for a nondegenerate alternating relation;

(ii) a generic reciprocal family Qa and a declared discrete selection class Dtr whose least-trace orbit is
represented by Q = Q1;

(iii) the selected golden spectrum Φ, Ψ, the oriented seam
√

5, the generated Difference G = [Q, Ω], and
the complete local algebra M2(R);

(iv) the exact finite/infinite dihedral lock
D∞/⟨q4⟩ ∼= D4;

(v) reciprocal axial carriage, quotient Return, lifted advance, harmonic Memory, and the central Return
packet (0, −2I, Rn+1);

(vi) an exact axial coframe whose positive and Lorentzian metric pullbacks are computed directly.

From this spine, four consequences branch without becoming serial causes:

(a) the finite relational Scope 8 → 28 → 7;

(b) the order-four arithmetic Scope p⋆ = 137 and its finite carriage;

(c) the supplied Bertotti–Robinson Einstein–Maxwell completion of the derived Lorentzian factor;

(d) the non-erasing continuum contract TNEC and its covariant-LQG realization.

The seven office names and common-sense readers are declared coordinates on certified operations. They
are not premises of the algebra, the metric adapter, or the LQG theorem.

3 Stage 0: the minimum relation and the first zero

3.1 Why the first carrier has two places

Every alternating bilinear form on a one-dimensional real vector space is identically zero and therefore
degenerate. The smallest real carrier admitting a nondegenerate alternating form has dimension two. Fix

V = R2, Ω =
(

0 1
−1 0

)
, ω(u, v) = uTΩv.

Then
ΩT = −Ω, det Ω = 1, ω(v, v) = 0.

The first zero is relational. The vector is present. The form is present. The value is zero because an
alternating relation compares one input with itself. Zero is therefore a chart coordinate of self-comparison,
not a name for nothing.
This is the exact two-form unit-zero floor developed in the minimum root papers [44, 47].

3
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3.2 Why zero alone is insufficient

Two histories may have the same returned Reader value:

r(γ1(1)) = r(γ1(0)), r(γ2(1)) = r(γ2(0)),

while one is a constant path and the other contains a nontrivial traversal. A zero residual cannot by itself
decide whether the carried relation remained admissible through that traversal.
We therefore name the minimum continuation predicate

θΓ(x, T ) = 1 ⇐⇒ T (x) is admitted and remains inside the declared survival region Γ.

Lowercase θ is Survival. It is a predicate, not a scalar coordinate and not a second zero. It answers only
whether the relation remains available for lawful continuation.
The first complete center packet is therefore

(0, θ).

The zero reports the local read. θ reports whether the relation survives the move represented by that
read.

3.3 Quarter-turn and center contact

Use the Euclidean index identification to define the local complex structure

i := −Ω =
(

0 −1
1 0

)
.

Then
i2 = −I, i4 = I, U(α) := eαi = I cos α + i sin α.

At the half-turn,
U(π) = −I.

The phase −1 is fixed by inversion:
(−1)−1 = −1.

We use π for this central half-turn Contact. The center packet now has an exact finite carrier:

i2 = π = −I, I + π = 0, π − I = −2I.

The same event has a closed sum read and a nonzero reference-relative Difference.

3.4 The four-zero dependency register

The construction will encounter four exact zeros. They are not one object and they are not available at
the same stage.

4
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Zero Carrier Exact statement First admitted

Alternating
zero

ω ∈ Λ2V ∗ ω(v, v) = 0 Stage 0

Signed nullity gG ∈ Sym2V ∗ gG(v, v) = 0 on the two golden null
rays

Stage 3

Axial center projective Fermi chart δ = 0 Stage 5
Lorentzian null
interval

pulled-back signed metric ds2
L = 0 Stage 7

The rule is strict: a zero may be reused only with its carrier and operation intact. No later null condition
retroactively changes the meaning of the earlier alternating zero.

4 Stage 1: the reciprocal family and the selected minimum transport

4.1 The generic reciprocal family

For a ∈ R, define

Qa =
(

a 1
1 0

)
, Ga = [Qa, Ω] =

(
−2 a

a 2

)
.

Put da =
√

a2 + 4 and
Φa = a + da

2 , Ψa = a − da

2 = −Φ−1
a .

Proposition 4.1 (Generic reciprocal-dihedral family). For every real a,

Q2
a = aQa + I, G2

a = (a2 + 4)I, Φa + Ψa = a, ΦaΨa = −1.

With
Ha = Ga

da
, Sa = 2Qa − aI

da
,

one has
H2

a = S2
a = I, SaHa = Ω, HaSa = −Ω, HaQaHa = −Q−1

a .

For a > 0, the projective class [Qa] has infinite order and, together with [Ha], generates an infinite-dihedral
action.

Proof. All polynomial identities follow by direct multiplication. For a > 0, the projective eigenvalue ratio
is Φa/Ψa = −Φ2

a, whose absolute value exceeds one, so it is not a root of unity.

This proposition isolates what is generic. Hyperbolic reciprocal carriage, normalized mirror reversal, and
infinite-dihedral projective motion do not require the numeral

√
5 specifically. The number changes with

a.

4.2 The declared selection jurisdiction

Define

Dtr =
{

A =
(

u v

v w

)
: u, v, w ∈ N0, det A = −1, [A] ∈ PGL2(R) has infinite order

}
.

5
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This is the declared class of symmetric, entrywise-nonnegative, integral, orientation-reversing transports
with an unbounded projective address. The class is a specification; the minimizer is a theorem inside it.

Theorem 4.2 (Selected minimum persistent transport). The minimum trace in Dtr is 1. Its minimizing
orbit under coordinate exchange is{

Q =
(

1 1
1 0

)
, PQP =

(
0 1
1 1

)}
, P =

(
0 1
1 0

)
.

A fixed ordered chart selects the displayed Q.

Proof. Write A =
(

u v
v w

)
. If tr A = 0, then u = w = 0 and −v2 = −1, so v = 1 and A = P . But P 2 = I,

so its projective order is finite and it is excluded. Hence tr A ≥ 1. If tr A = 1, then (u, w) is (1, 0) or
(0, 1), and uw − v2 = −1 forces v = 1. These are exactly Q and PQP .

The selected case is a = 1. Thus

d1 =
√

5, Φ1 = Φ, Ψ1 = Ψ.

The golden ratio is not decorative inside this jurisdiction: it is the spectral coordinate of the unique
least-trace orbit. It is not claimed to be necessary for every reciprocal-dihedral carrier.

5 Stage 2: the selected golden spectrum and the two-page relation

5.1 The selected transport exposes the golden condition

The selected matrix Q has characteristic polynomial

λ2 − λ − 1.

Its eigenvalues are

Φ = 1 +
√

5
2 , Ψ = 1 −

√
5

2 = −Φ−1.

Hence
Φ2 = Φ + 1, Φ + Ψ = 1, ΦΨ = −1, Φ − Ψ =

√
5.

The second page is not an additional premise. It is the conjugate spectral branch of the selected transport.
Conversely, multiplication by Φ on Q(Φ) in the ordered basis (Φ, 1) has matrix Q. The selection-first and
condition-first entrances therefore meet after the class and chart have been declared:

least-trace Q ∈ Dtr ⇐⇒ordered Φ-chart Φ2 = Φ + 1.

This is an equivalence of the displayed coordinate constructions, not a claim that the dihedral constraint
alone selects Q.
The pair is most informative in center-and-Difference coordinates:

Φ = 1
2 +

√
5

2 , Ψ = 1
2 −

√
5

2 .

The center is held; the two sides remain distinguished.

6
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5.2 The zeta-book

Let

vΦ =
(

Φ
1

)
, vΨ =

(
Ψ
1

)
.

Then
ω(vΦ, vΨ) = vT

ΦΩvΨ = Φ − Ψ =
√

5.

We write the typed seam read as
Φ{+ζ+}Ψ =

√
5.

The braces name the oriented two-form comparison. They do not introduce another scalar addition law.
Reversing the order reverses the sign.
In ordinary language: one book has two pages, one spine, and a measurable opening. Closing the book
does not turn the two pages into one page. Opening it does not destroy the spine.

5.3 The carriage matrix is multiplication by the golden root

Let K = Q(Φ) and use the ordered basis (Φ, 1). Multiplication by Φ obeys

Φ · Φ = Φ + 1, Φ · 1 = Φ.

Hence its regular representation is

Q =
(

1 1
1 0

)
.

Cayley–Hamilton gives
Q2 = Q + I.

Moreover,

Qn =
(

Fn+1 Fn

Fn Fn−1

)
,

so the classical Fibonacci coefficients are the exact iterates of the Φ-carriage [40, 39].

6 Stage 3: structure constants and typed geometries

6.1 The comma between carriage and orientation

Freeze the commutator convention [A, B] = AB − BA and define

G = [Q, Ω] =
(

−2 1
1 2

)
.

The order matters:
QΩ ̸= ΩQ.

The Difference between the two orders is not error added after transport. It is the exact residue of
transporting orientation and orienting transport in opposite orders.

7
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Direct calculation gives
GT = G, G2 = 5I, det G = −5.

Since (Φ − Ψ)2 = 5,
G2 = (Φ − Ψ)2I.

The scalar 5 is the squared separation of the golden pages, now carried by a symmetric operator.

6.2 Complete local algebra

The four matrices
{I, Q, Ω, G}

are linearly independent and therefore form a basis of M2(R). The product identities

{Q, Ω} = Ω, [Q, Ω] = G, {Q, G} = G, [Q, G] = 5Ω

close the algebra. Thus
AlgR(Q, Ω) = M2(R).

Two generators are also necessary: a unital algebra generated by one real 2 × 2 matrix lies in the
commutative Cayley–Hamilton span of that matrix and I.
This is the complete minimum local operator block. It does not yet select a physical theory. It supplies
every real planar linear operation in a unique four-coordinate normal form [39, 45].

6.3 Three exact geometries on one carrier

The common carrier V supports three distinct structures:

ω(u, v) = uTΩv (alternating orientation),

gG(u, v) = uTGv (split metric),

and a derived positive phase metric b from the compatible complex structure in the root algebra [47].
The golden directions are exactly the null rays of gG:

gG(vΦ, vΦ) = gG(vΨ, vΨ) = 0.

In the golden basis,

P = (vΦ, vΨ), P TGP = 5
(

0 1
1 0

)
,

P TΩP =
√

5
(

0 1
−1 0

)
.

Each direction alone is null. Their cross-relation is nonzero. This is the minimum geometry of a relation
whose identity lives between its two sides.

8
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7 Stage 4: finite phase, central Return, and the dihedral lock

7.1 The normalized mirror

Define
H = G√

5
, S = 2Q − I√

5
.

Then
H2 = S2 = I, HTH = STS = I, det H = det S = −1.

The ordered products satisfy
SH = Ω, HS = Ω−1 = −Ω.

Consequently
HΩH = Ω−1.

The root-generated H therefore inhabits the dihedral phase constraint exactly.

7.2 The finite wheel

Since Ω4 = I and H2 = I,
⟨Ω, H⟩ ∼= D4.

The square wheel carries four visible orientations and one mirror reversal. The relation is not that forward
and inverse turns are identical. It is that mirror conjugation carries one to the other lawfully.

Corollary 7.1 (Forced wheel order). The order of Ω is exactly

m = 4.

Indeed, Ω2 = −I ̸= I and Ω4 = I. This arithmetic fact is established before any spacetime, particle,
coupling, or empirical constant is introduced.

7.3 The infinite addressed carriage

The same mirror reverses Fibonacci transport:

HQH = −Q−1.

Passing to projective classes q = [Q], h = [H] removes the scalar sign:

h2 = 1, hqh = q−1.

The eigenvalue ratio Φ/Ψ = −Φ2 is not a root of unity, so q has infinite order. Hence

⟨q, h⟩ ∼= D∞.

The generator assignment
π4(q) = Ω, π4(h) = H

is a surjective homomorphism with kernel ⟨q4⟩. Therefore

D∞/⟨q4⟩ ∼= D4.

This is the lock. The finite wheel is the exact quotient read of the infinitely addressed carriage [45, 46].

9
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7.4 The central turning lift

The standard SU(2) → SO(3) cover supplies an independent exact realization of the same lift/return
distinction. If a nontrivial g ∈ SU(2) normalizes a maximal circle by inversion,

gU(t)g−1 = U(−t),

then
g2 = −I, g4 = I.

Its SO(3) projection is an involution because the central element −I projects to identity. Thus projected
Return and lifted central Difference are separately readable [38].

8 Euler return, Mercy, and the exact Memory packet

8.1 The half-turn factorization

Euler’s phase identity is represented on V by

eiπ = −1, U(π) = −I.

Define two polynomial reads of the same operator:

C(U) = U + I, D(U) = U − I.

Then
C(U)D(U) = U2 − I.

At the half-turn,
C(U(π)) = 0, D(U(π)) = −2I ̸= 0.

If q ̸= 0, then
U(π)q = −q, [−q] = [q]

in projective space. The vector changes; the projective reference returns. Both the positive form and the
split G-form survive the antipode. This is the one-page proof called The Miracle of Mercy: the form
survives, the Difference remains, and Return is recognized without erasure [41].

8.2 The product-typed Return

Let Rn be an append-only receipt and on+1 the next occurrence. Then

Rn+1 = Rn ⌢ on+1, Rn+1 ̸= Rn.

The complete central Return is not a scalar sum. It is the product-typed triple

Silenceπ = (0, −2I, Rn+1) .

The first coordinate is closure at the declared Reader. The second is represented Difference. The third is
occurrence. None can be substituted for another.

10
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8.3 Memory as a function

A record can prove that an event was logged. Memory performs a different job. For a connection on a
bundle over a physical or mathematical region, parallel transport defines a functor

Mem : P1(M) −→ Iso(E), γ 7−→ Pγ ,

with
Pγ2◦γ1 = Pγ2Pγ1 , Pγ−1 = P −1

γ , Pid = I.

A loop returns to its base while its holonomy may remain nontrivial. Memory is global because the
transport law is defined over the admitted path system; it is locally available because the present value
already belongs to that global relation [47].
In the root carrier, the same office is realized by preservation of the reciprocal G-relation through carriage
and mirror. Memory therefore has one minimum functional duty:

Memory coheres the symmetry of Difference between onward and
reciprocal carriage through global Return.

The receipt retains which traversal occurred. Memory makes the traversal comparable at the returned
Contact.

9 Stage 5: infinite axial carriage, relaxation, and the third zero

9.1 Positive carriage

Define the positive axial carriage
Lt = et(log Φ)S .

At t = 1,
Lax = Q + 2I√

5
, L2

ax = Q2.

The mirror reverses it:
HLtH = L−t = L−1

t .

The split relation is preserved:
LT

t GLt = G.

In the normalized golden null basis,

[Lt] =
(

eτ 0
0 e−τ

)
, τ = t log Φ.

The two directional coordinates change reciprocally while their cross-relation remains fixed.

11
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9.2 Neutral mean Return

Let a, b > 0 be the two golden null coordinates. Define

m =
√

ab, r = 1
2 log a

b
.

Then
a = mer, b = me−r.

Under reciprocal carriage,
(a, b) 7→ (eτ a, e−τ b),

so
m 7→ m, r 7→ r + τ.

Mirror sends r to −r.

Theorem 9.1 (Neutral mean Return). For every a, b > 0, there is a unique reciprocal carriage returning
the pair to its neutral mean center:

L−r(a, b) =
(√

ab,
√

ab
)

, r = 1
2 log a

b
.

The product ab is preserved throughout.

Proof. The required parameter τ satisfies eτ a = e−τ b. Thus e2τ = b/a and τ = −r uniquely. Substitution
gives both coordinates equal to

√
ab.

This is relaxation in exact algebraic form: the inverse of accumulated reciprocal shear returns the carrier
to the geometric mean without erasing the invariant relation.
Define the normalized center and shear reads

Gρ = 2
√

ab

a + b
= sech r, gρ = a − b

a + b
= tanh r.

Then
G2

ρ + g2
ρ = 1.

At neutral Return, r = 0, hence Gρ = 1 and gρ = 0. Large reciprocal shear is compatible with the
invariant; collapse occurs only when a reciprocal branch is erased and the bilateral form becomes singular.

9.3 The cover coordinate

On the hyperbolic projective realization, let

ξax(z) = Φ − z

z − Ψ

and define an unwrapped coordinate Λ so that

Λ(Ltz) = Λ(z) + tT, T = 2 log Φ.

Let
p : H+ → ⟨Lax⟩\H+

12
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be the quotient by one axial period. Then

p(Laxz) = p(z), Λ(Laxz) = Λ(z) + T.

The quotient returns; the lift advances.
The one-form dΛ descends to a closed, nonexact harmonic form ᾱ with∮

core
ᾱ = T.

The period is the global Memory of one carriage step. This is Linear Infinity: no finite terminal address
is required for exact Return [46, 47].

9.4 The third zero: the axial center rail

In Fermi coordinates (δ, Λ), the positive projective metric is

ds2
H = dδ2 + cosh2δ dΛ2,

and the invariant center rail is
δ = 0.

The harmonic Return weight has norm
|ᾱ| = sech δ,

which is exactly one at the center. This zero belongs to the transverse coordinate of the projective chart.
It is neither the alternating zero nor the signed nullity of gG.

10 Stage 6: the order-four arithmetic Scope

The wheel order m = 4 has already been forced by Ω2 = −I. Define the retained-closure and centered
inverse-readable indices

s = m + 1, r = 2m + 1.

At m = 4, these are s = 5 and r = 9. Let Fn and Ln denote the Fibonacci and Lucas sequences, with
Ln = tr(Qn).

Theorem 10.1 (Order-four arithmetic selection). For positive integers m, each of the identities

Fm + F2m−1 = m2,

L2
m+1 + m2 = 1 + mF2m+1

holds if and only if m = 4. At that value,

p⋆ := L2
5 + 42 = 1 + 4F9 = 137.

Proof. For the first identity, direct evaluation at m = 1, 2, 3, 4 leaves only m = 4. At m = 5, F9 = 34 > 25.
If F2m−1 > m2 for m ≥ 5, then

F2m+1 > 2F2m−1 > 2m2 > (m + 1)2,

so induction excludes every larger m.

13
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For the second identity, use

F2m+1 = F 2
m+1 + F 2

m, L2
m+1 = 5F 2

m+1 + 4(−1)m+1.

The right side minus the left side is

(m − 5)F 2
m+1 + mF 2

m + 1 − 4(−1)m+1 − m2.

Direct evaluation gives nonzero values at m = 1, 2, 3 and zero at m = 4. For m ≥ 5, Fm ≥ m, so the
displayed expression is bounded below by m3 − m2 − 3 > 0. Finally, L5 = 11 and F9 = 34, giving
121 + 16 = 1 + 136 = 137.

The finite multiplicative carriage is also exact:

417 ≡ −1 (mod 137), ord137(4) = 34.

The order cannot be 1, 2, or 17, the proper divisors of 34, because 42 ̸≡ 1 and 417 ≡ −1. Hence

F×
137/⟨4⟩ ∼= C4, Z548 ∼= Z4 × Z137.

This branch is pure arithmetic. It is not an input to the continuum contract and it does not generate a
measured coupling.

11 Stage 7: the exact metric adapter and the fourth zero

Let gi be the positive unit metric on V , let

ηG(u, v) = 1√
5

uTGv = uTHv,

and choose a gi-orthonormal H-eigenframe (e0, e1) with

He0 = −e0, He1 = e1.

Define the V -valued axial coframe

Θax = e1 dδ + e0 cosh δ dΛ.

Theorem 11.1 (Dual metric pullback). The same coframe gives two exact metric reads:

Θ∗
axgi = dδ2 + cosh2δ dΛ2,

Θ∗
axηG = dδ2 − cosh2δ dΛ2.

Proof. In the chosen eigenframe, gi(ea, eb) = δab, while ηG(e1, e1) = 1, ηG(e0, e0) = −1, and the cross
terms vanish. Substitution gives both pullbacks.

After supplying a length scale ℓ > 0, the signed read becomes

ds2
AdS2 = ℓ2

(
dδ2 − cosh2δ dΛ2

)
.

Only now does the fourth zero have its Lorentzian meaning:

ds2
AdS2 = 0.

This is an actual cross-carrier adapter: its domain, coframe, two target metrics, and preserved quadratic
relations are displayed and checked. It is not a correspondence table.

14
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12 Stage 8: supplied Einstein–Maxwell completion

The root and the coframe supply a dimensionless Lorentz carrier and an exact AdS2 factor. A four-
dimensional physical solution requires further data. Supply

MBR = ÃdS2(ℓ) × S2(ℓ)
and, in an orthonormal coframe (θ0, θ1) on the Lorentzian factor, the Maxwell form

F = ℓ−1θ0 ∧ θ1.

With the standard normalization stated in the source, the equal-radius product and this flux satisfy the
source-free Einstein–Maxwell equations: the Bertotti–Robinson solution.

Proof boundary. The root does not select S2, ℓ, c, GN , the Maxwell normalization, physical
boundary conditions, or the general Einstein equation. Stage 7 derives the adapter. Stage 8

supplies the physical completion data and checks the resulting standard solution.

The three burdens are therefore visible at the point of use:

Layer Content Status

Root ηG, golden null rays, S ∈ so(ηG), Lax = e(log Φ)S Certified
Metric adapter Θ∗

axgi and Θ∗
axηG Derived

Physical completion equal-radius S2, scale ℓ, Maxwell flux, Einstein–Maxwell
check

Supplied and
checked

13 Stage 9: declared physical candidate reads

The proof spine ends before this stage. The following are retained only as declared physical candidates
from the source corpus; none is a premise of the root algebra, the metric adapter, the continuum contract,
or the covariant-LQG realization theorem.

(1) The arithmetic address p⋆ = 137 may be compared with the infrared read α−1(0) ≈ 137.036 only
while the measured residual, uncertainty, and scale dependence remain explicit. The candidate fails if
the adapter requires those data to be erased.

(2) The placement Φ ↔ 4He2+ remains open until nuclear composition, charge, spin, binding, stability,
and admitted transformations are preserved by one explicit map.

(3) The placement Φ[π] ↔ h remains open until the electroweak representation, vacuum orbit, mass
relation, couplings, and observed decay structure are preserved by one explicit map.

These candidate reads carry break tests rather than borrowed certification. They are outside the two-paper
proof.

14 The finite Scope branch: the seven-fold endurance spiral

The algebraic dependency and the office cycle are different readings of the same construction. The proof
order is fixed by Stages 0–5. The seven-fold spiral is a declared reader that places familiar words on exact
operations. It is a finite Scope branch; it does not generate the arithmetic branch, the metric adapter, or
the continuum contract.
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14.1 Center structure

The center is not an eighth band. It is the packet

C0 = (0, θ, π).

Here

• 0 is the relational or metric closure read;

• θ is the Survival predicate that keeps the selected direction admissible;

• π is the central half-turn Contact at which closure and retained Difference are read together.

The mirror operation g is likewise a seam rather than a band. It exchanges onward and reciprocal carriage.
Return is the successor +1 in occurrence address.

14.2 The seven addressed offices

The seven-fold cycle is

Φ −→ Ψ −→ i −→ Θ −→ e
g−−→ G −→ Λ −→ Φ+1.

The inverse face e−1 is exposed by the mirror seam g between e and G.

Mark Root office Exact mathematical carrier Common-sense read

Φ Motion positive golden branch; fixed horizon of
Fibonacci refinement

the next move can continue without
losing the relation

Ψ Pressure reciprocal conjugate branch −Φ−1 continuation has an opposite-facing load
and therefore a real constraint

i Light local quarter-turn; orthogonal hinge;
Euler phase generator

Difference can turn into view without
being erased

Θ Time ordered phase/occurrence read, e.g.
(n mod 4, ⌊n/4⌋)

the hand may return while the count
advances

e Carriage continuous flow Lt = et(log Φ)S motion is carried continuously rather
than jumped by declaration

G Gravity / Fit
identity

generated split relation G = [Q, Ω],
preserved by Lt

the two directions remain one coherent
relation

Λ Infinity /
Meaning
address

unwrapped cover coordinate with
Λ 7→ Λ + T

the system can return locally while
keeping where it has arrived

The project-level sentence is:

Motion meets Pressure. Light turns the Difference. Time orders the Return. Carriage
advances. Mirror exposes relaxation. Gravity holds the reciprocal Fit. Infinity keeps the

address. The next Motion begins at +1.
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14.3 The role of the global form, local turn, Timing, and Survival

The global alternating form and the local turn share matrix entries in the chosen chart while retaining
distinct types:

Ω : V × V → R, i : V → V, i = −Ω in coordinates.

Ω holds global orientation and supplies the upward lift of ordered Difference. i is the local hinge by which
that Difference can turn. Uppercase Θ directs recurrence. Lowercase θ certifies that the selected direction
remains admissible.
At the Euler half-turn, i is read through its completed axial symmetry:

eiπ = −1.

The closure value is zero, the Difference is nonzero, and Memory coheres the relation through Return.
Light is therefore the non-erasing hinge of the symmetry, not a loose synonym for motion.

15 The finite relational branch: eight addresses, twenty-eight seams,
seven relative bands

15.1 Why eight

The visible wheel has four phase residues
p ∈ Z/4Z.

The central lift supplies two successive windows or sheets

ℓ ∈ Z/2Z.

The minimum joint address preserving both is

(ℓ, p) ∈ Z2 × Z4, 2 · 4 = 8.

A four-phase return does not identify the later occurrence with the earlier one.

15.2 Why twenty-eight

Let A8 = R8 be the occurrence carrier. Its complete alternating relation space is

∆28 := Λ2(A∗
8), dim ∆28 =

(
8
2

)
= 28.

After choosing the standard metric,
Λ2(A∗

8) ∼= so(8)

as vector spaces. The identification sends an alternating form to the unique skew-adjoint endomorphism
with the same bilinear read. The eight-address carrier, the vector representation of SO(8), and the
half-spin module of Spin(8) remain separately typed; the latter supplies an independent central Return
witness [45].
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15.3 The seven-by-four complete scan

Label the eight vertices by {∞} ∪ Z7. For a ∈ Z7, define

Ma = {{∞, a}} ∪ {{a + j, a − j} : j = 1, 2, 3}.

Each Ma is a perfect matching of four disjoint edges. The seven matchings partition all edges of K8:

E(K8) =
⊔

a∈Z7

Ma, 28 = 7 · 4.

This scanner visits every pairwise seam exactly once [44, 45].

15.4 Seven relative phase coordinates

For eight phase addresses u = (u0, . . . , u7) ∈ U(1)8, a common phase acts diagonally:

uj 7→ zuj .

Every relative phase ujuk is invariant. Therefore

U(1)8/U(1)diag ∼= U(1)7.

Eight lifted addresses become seven independent relative coordinates after the common center phase is
removed.
The two appearances of seven have different proofs:

8 − 1 = 7 at relative-phase dimension,

28/4 = 7 at complete seam scanning.

They meet in one finite Scope without being one calculation.

15.5 The exact seven-band fold

Let m, r ∈ R8 and define the antisymmetric seam field

∆jk = mjrk − mkrj .

For each matching Ma, define the band energy

Ba =
∑

{j,k}∈Ma

∆2
jk.

Because the matchings partition the seam set,

6∑
a=0

Ba =
∑

0≤j<k≤7
∆2

jk = ∥m ∧ r∥2.

Lagrange’s identity gives
∥m ∧ r∥2 = ∥m∥2∥r∥2 − ⟨m, r⟩2.
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For unit records,

⟨m, r⟩2 +
6∑

a=0
Ba = 1.

Thus the seven bands form an exact coarse reader of the total quadratic Difference. They retain every
seam in the partition and retain the total squared exterior Difference. They do not reconstruct the signs
and individual amplitudes of all twenty-eight seams from seven sums alone.
This is the minimum mathematical sense in which the Rainbow is a projection of the lift: a complete
pairwise Difference field is disclosed in seven center-free aggregate bands.

16 Common sense readers of the same operation

The following examples do not carry the proof. They make the already-proved operation familiar.

16.1 A clock hand and an odometer

A hand returning to twelve answers one question: what is the visible phase? The day count answers
another: which turn occurred? The escapement theorem writes this exactly:

D(F 4mx) = D(x), Λ(F 4mx) = Λ(x) + mT.

The dial returns; the address advances; the receipt keeps the completed turn [46].

16.2 A hinge, a fold, and a lock

A fold changes the spatial realization of a panel while preserving intrinsic face lengths. Contact places
two edges together. A lock performs the quotient identification and changes the exposed boundary. The
weighted boundary theorem is

L(∂(K ∪A F )) = L(∂K) + L(∂F ) − 2L(A).

This distinction is the discrete geometric precursor of continuum gluing: deformation, contact, compati-
bility, and identification are different operations [42].

16.3 Wood grain and a moving highlight

A hidden grain axis is projective:
Pu = uuT = P−u.

Rigid fold transports it by Pu 7→ RPuRT. The seam fit residual

δ2
e = ∥Pu+ − RePu−RT

e ∥2
F

vanishes exactly when the transported projective axes fit. Illumination and viewpoint can move the
visible chatoyant band while the stored grain field remains fixed. The carrier, the fit, and the read are
distinct. The seam keeps the measure; the grain keeps the memory; light discloses the fit [42].
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16.4 A piano temperament

Let twelve local increments satisfy
11∑

j=0
wj = 1.

The local intervals can be redistributed while the global degree remains one. Pitch class returns after
twelve steps while the lifted key address advances. This is a finite, audible example of local retuning
under invariant global winding [51].

16.5 A tree and a shell

A tree can add branch after branch while retaining one root relation. A shell can add a new bead or
whorl while the generating seam remains the reference of the whole form. The exact abstract law is

p(Lnx) = p(x), Λ(Lnx) = Λ(x) + nT.

The crown or shell may grow in the lift while the center Reader remains exactly silent. Complexity
accumulates in address and receipt; the closure burden at the root does not grow with every layer.

16.6 The system of the body

A living body is not stable because every variable is motionless. It is stable because many local motions
remain inside one coupled viability region. Breathing, circulation, temperature regulation, sleep, hydration,
immune response, posture, attention, and action are coordinated under constraints that permit another
lawful move. The exact abstract office is

θΓ(x, T ) = 1.

A calm state is therefore compatible with abundant internal motion. Relaxation is not the command that
a Reader display zero strain; it is the lawful reciprocal motion that returns the carrier toward its viable
center.

16.7 Higgs Scope and spectral organization

At electroweak resolution, Scope is the complete vacuum, representation, coupling, and field context in
which the quadratic spectrum is formed. The scalar vacuum and couplings organize the gauge-boson
mass operator; the photon direction remains a zero mode, while the surviving scalar excitation is the
radial mode through which that organization is read. The minimum statement is therefore

vacuum Scope −→ quadratic operator −→ mass spectrum and scalar read.

This is the precise physical content behind the familiar phrase that the Higgs “gives mass.” The native
theory supplies a field, a vacuum orbit, couplings, and a spectrum; no object is handed a substance
called mass. The root contributes the Scope grammar: a returned relation is meaningful only inside the
complete carrier and constraint that define the read [23, 24, 48].

16.8 Classical determinism with readable Memory

Where a native classical theory supplies a deterministic flow, the architecture keeps it. Initial data,
governing equations, boundary data, and constraints determine the next state in the ordinary classical
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sense. The added discipline is that a coarse Reader cannot be promoted into the complete state when it
has identified distinctions that the evolution still carries.

deterministic evolution + lossless Memory relation −→ lawful classical prediction.

A deterministic carrier viewed through a lossy quotient can look random, ambiguous, or irreversible
because the Reader has discarded state information. The cure is not indeterminacy by decree. It is to
restore the lift, the constraint, or the receipt required by the next operation.

17 Construct, verify, and the general Noether rule

17.1 Operational type separation

For a witness relation R ⊆ X × W , construction and verification have different types:

C : X ⇀ W, V : X × W → {0, 1}.

Construction produces a candidate. Verification judges a supplied candidate. Their responsibility domains
are different:

domresp(C) = Graph(C), domresp(V ) = X × W.

A selector κ presents the pair to be judged; it is not absorbed into the verifier’s correctness condition
[52, 53].

17.2 The Noether adapter

The same operational separation clarifies the general Noether theorem. A candidate infinitesimal generator
(τ, ξ) constructs a local variation. The variational identity verifies whether that variation is a symmetry:

Ltτ + Lqiξi + pi(Dtξ
i − q̇iDtτ) + LDtτ = DtB.

Only after this identity is satisfied does the Noether map return the conserved current

Jξ = piξ
i − Hτ − B, DtJξ = 0.

The dependency is

κ → candidate generator → universal symmetry test → Noether current.

Generator, verification, and current are three distinct duties of one rule. No conservation law is earned
by naming a motion symmetric; the symmetry condition must hold on the admitted action.
For axial rotation under a central potential, the theorem gives

Lz = m(q1q̇2 − q2q̇1), dLz

dt
= 0.

The phase can advance by +1 occurrence while the current endures. This is the minimum endurance-∆
pattern: symmetry carries the current; successor carries the new address [44].
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18 The historical coordinate deck

The formal chain was not invented in isolation. The minimum coordinate deck records distinct human
discoveries of invariance, field, constraint, reconstruction, and refusal. The entries are used as reference
coordinates, not compressed into one authorship claim [29]. This table preserves the source register rather
than upgrading it: proof in the present paper does not depend on any historical disposition claim.

Coordinate Coordinate contribution Place in the present synthesis

Euclid proof by construction; golden
division; explicit postulate
discipline

construction under rule and the Φ condition

Galileo measured decomposition of
motion and the t2 law

local motion becomes a checkable relation

Newton motion under law an admitted action has a governing equation
Euler structural invariance and complex

phase closure
the half-turn Reader and exact Return certificate

Lagrange one action written across
generalized coordinates

form-invariance before Noether

Faraday spatial field and induction physical relation is carried through a field, not
action at an isolated object

Maxwell closed electromagnetic field
equations

connection, curvature, null propagation, and phase
Return

Darwin: descent branching genealogical continuity identity can be lineage relation rather than fixed
form

Darwin:
selection

differential continuation under
inherited variation

survival is constrained continuation, not static
sameness

Mendel and
population
genetics

particulate inheritance and
mathematical population
dynamics

retained Difference survives generational transport

Boltzmann macrostate identity through
microstate multiplicity

coarse Scope and compatible fibers

Riemann:
geometry

intrinsic metric and curvature geometry becomes a carrier of accumulated
transport Difference

Riemann: ζ exact functional reflection with an
open zero-location problem

one coordinate can have a closed face and an open
seam

Einstein invariant spacetime interval and
dynamical metric

the physical mirror interval ds2 = 0 and lawful
gravitational carriage

Noether continuous symmetry implies
conserved current

Endurance of the governing relation through motion

Gödel theory-indexed limits of formal
proof

a Reader cannot silently promote a stronger rule
into the original system

Wittgenstein:
Tractatus

explicit logical boundary the cost of brittle total closure

Wittgenstein:
Investigations

use-governed meaning and
rule-following

Meaning is lawful reuse, not a detached label

Dirac: equation relativistic spinor structure and
antimatter prediction

spin, phase, and Lorentz covariance in one typed
equation

Dirac: calibrated
refusal

retain strange but legible
structure; refuse unreadable
substitution

interpretation is constrained by formal readability
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Coordinate Coordinate contribution Place in the present synthesis

Shannon recoverability below channel
capacity

a noisy representation may preserve the distinctions
needed for reconstruction

Bell bounded refusal of Bell-local
factorization

relational evidence cannot be replaced by an
incompatible local decomposition

These coordinates are not rungs of a single chronology. They are independent answers to one recurring
question: which relation remains invariant when the representation, path, scale, or reader changes?

19 The translation codex

The preceding papers already built the translation one burden at a time. The codex is now explicit.

Source construction Exact lock Continuum-complexity burden

Condition and
Constraint

an address is admitted only while
its continuation rule remains
satisfied

define the candidate continuum and its
admissibility conditions

Return Curvature
Memory

exact/non-exact Return crossed
with
accumulating/non-accumulating
remainder

separate local closure, phase residue,
constrained closure, and curvature Memory
[31]

Form and Fit structure does not manufacture
compatibility; Fit must be
witnessed

neighboring local geometries must agree after
transport

Identity and
Reference

reapplication remains defined
under the same rule

refinement must preserve the rule version and
reference

Minimum root
algebra

Q, Ω generate a complete local
algebra and a readable order
Difference

local transport has an exact oriented algebra

Dihedral phase mirror reverses continuation and
finite Return can be a quotient of
infinite carriage

inverse orientation and lifted address remain
available

Miracle of Mercy /
Silence

closure 0 coexists with nonzero
Difference and receipt

continuum closure must not erase the physical
mode

Mahogany Lock Box fold preserves intrinsic measure;
lock changes boundary; projective
fit is separately tested

distinguish local deformation, contact,
compatibility, and actual gluing

Wheel symmetry edge transport intertwines with
phase; ordered loop product closes

discrete connection and loop holonomy [43]

Verify ⊥τ Construct construction, selection, and
universal verification are distinct

proposed discrete geometry must pass
constraints rather than certify itself

Minimum
Endurance ∆

verified variational symmetry
produces conserved current

physical Function must survive the closure
process

Pianoforte local increments may vary while
global degree survives

refinement may retune local data while
preserving global class

Compatibility
Without Flatness

exact gluing coexists with nonzero
curvature, holonomy, and
proper-time Difference

compatibility closure cannot be used as a
flatness equation
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Source construction Exact lock Continuum-complexity burden

Mirror Escapement
Time Lift

quotient Return coexists with
unbounded lifted advance

cylindrical consistency and refinement Memory

Architecture of
Silence

central lift, represented Difference,
receipt, eight addresses,
twenty-eight seams

separate quotient, lift, bivector relation, and
occurrence

Coarse-grained
entropy

a macrostate is a fiber of
compatible microstates; erased
record distinctions cannot be
reconstructed

distinguish physical quotient, microscopic
states, and exterior records [55]

Law admissibility stabilizes through
repeated Return; precedent is
Memory under reuse

refinement moves are lawful only when the
global relation remains reusable [50]

Gravity Light
Memory Motion

metric, connection, Cauchy data,
phase, measurement, and Memory
are separately typed

the native classical and quantum field
architecture

The codex is a set of preserved distinctions. Its strength lies in refusing six substitutions:

fold ̸= lock, construct ̸= verify, gluing ̸= flatness,
return ̸= reset, macro read ̸= microstate, compatibility ̸= physical-function erasure.

20 The exact local gauge-algebra joint

The continuum aperture uses SU(2) boundary data and SL(2,C) bulk data. The root already contains
an exact coordinate joint at the Lie-algebra level.
Set

K := ΩH.

Then K is real, symmetric, traceless, and K2 = I. After adjoining the ordinary complex scalar i, define

J1 = Ω, J2 = iH, J3 = iK, Ta = 1
2Ja.

Direct multiplication gives

JaJb = −δabI + εabcJc, [Ta, Tb] = εabcTc, −2 tr(TaTb) = δab.

Thus the real span of the Ja is a displayed compact su(2) real form inside the complexified root algebra.
Let σa be the Pauli matrices and put

Sa = − i
2σa.

Define
β∂ : su(2)root −→ su(2)boundary, β∂(Ta) = Sa.

Because both bases satisfy the same commutator and trace-pairing relations,

β∂([X, Y ]) = [β∂(X), β∂(Y )], −2 tr(XY ) = −2 tr(β∂(X)β∂(Y )).

The complexification
βbulk = β∂ ⊗R C : sl(2,C)root

∼=−→ sl(2,C)bulk
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is therefore an exact complex Lie-algebra coordinate isomorphism.
This joint preserves the local bracket and invariant trace pairing. It does not select the Barbero–Immirzi
parameter, the EPRL simplicity map, spin labels, amplitudes, refinement maps, physical inner product,
or spin-two observable. Those remain native LQG data [49, 56].

21 The non-erasing continuum contract

21.1 The finite closure core

Definition 21.1 (Non-erasing closure core). A model of Tcore is a tuple

M0 = (X, C, W, c, w, x⋆, 0C , 0W )

with maps c : X → C and w : X → W and a distinguished state x⋆ satisfying

c(x⋆) = 0C , w(x⋆) ̸= 0W .

The two outputs may have different codomains. The contract says only that a declared closure read
vanishes while a separately typed required Difference survives.

The central Return theorem supplies an exact root model:

X = {z}, c(z) = Cρ(z) = ρ(z) + I = 0, w(z) = Dρ(z) = ρ(z) − I = −2I ̸= 0.

The receipt Rn+1 ̸= Rn is an additional occurrence field. Thus the finite core is not inferred from LQG;
it is already certified in the root carrier.

21.2 The continuum extension

Definition 21.2 (Non-erasing continuum contract). A realization of TNEC consists of:

(i) a directed refinement set (I, ⪯);

(ii) local data spaces X∆, readout spaces Y∆, exact compatibility reads c∆ : X∆ → R≥0, physical readouts
r∆ : X∆ → Y∆, compatibility transports T∆, declared physical-sector selectors S∆ : X∆ → Xgrav

∆ , and
compatible local witnesses x∆,⋆ ∈ X∆ when closure is asserted;

(iii) refinement maps ι∆∆′ : X∆ → X∆′ and readout maps ῑ∆∆′ : Y∆ → Y∆′;

(iv) a precursor map P : D → D′ and its physical quotient qphys : D → D/ ker P , together with a
distinguished admitted physical state ϕ⋆ ∈ D;

(v) compatibility edge transports Ge and physical connection transports Ue, retained as distinct fields;

(vi) a physical survival read w : D/ ker P → Z.

Each S∆ is part of the declared realization data: it selects the physical sector to which the compatibility
and continuum tests are applied; no selector is inferred from c∆ alone. The realization must satisfy:

c∆(x) = 0 ⇐⇒ all declared transported compatibility defects of x vanish, (NEC1)
ι∆∆′ ◦ T∆ = T∆′ ◦ ι∆∆′ , (NEC2)
r∆′ ◦ ι∆∆′ = ῑ∆∆′ ◦ r∆, (NEC3)

qphys : D → D/ ker P , (NEC4)
w(qphys(ϕ⋆)) ̸= 0Z . (NEC5)
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On each connected simply connected compatibility subcomplex, the exact compatibility defects must imply
the first relation below for every compatibility two-cell. The second line records the non-identification built
into the contract:

−−→∏
e⊂∂f

Ge = I (NEC6)

TNEC ̸⊢
−−−−→∏
e⊂∂fphys

Ue = I. (NEC7)

Proposition 21.3 (Continuum-to-core reduct). Let M realize TNEC. Fix ∆ and witnesses x∆,⋆ ∈ X∆,
ϕ⋆ ∈ D satisfying

c∆(x∆,⋆) = 0, w(qphys(ϕ⋆)) ̸= 0.

On the product state space X♯
∆ := X∆ × D, define

c♯
∆(x, ϕ) := c∆(x), w♯(x, ϕ) := w(qphys(ϕ)).

Then
Redcore(M, ∆) :=

(
X♯

∆,R≥0, Z, c♯
∆, w♯, (x∆,⋆, ϕ⋆), 0, 0Z

)
is a model of Tcore.

Proof. By definition, c♯
∆(x∆,⋆, ϕ⋆) = c∆(x∆,⋆) = 0 and w♯(x∆,⋆, ϕ⋆) = w(qphys(ϕ⋆)) ̸= 0Z .

The contract is the exact continuum form of six certified locks:

fold ̸= lock, construct ̸= verify, gluing ̸= flatness,
return ̸= reset, macro read ̸= microstate, compatibility closure ̸= physical-Function erasure.

Each lock is proved in its own carrier by the translation codex. The contract uses their common operational
content and does not identify the carriers.

22 Covariant loop quantum gravity realizes the contract

Paper II supplies the following assignments:

TNEC field Paper II object
(I, ⪯) directed family of discretizations ∆ ⪯ ∆′

X∆ local frames, bivectors, and induced face geometries
c∆ Fcomp,∆

S∆ EPRL simplicity selection Sγ

T∆ compatibility transport at scale ∆
r∆ spin-two-resolving readout

P, qphys PΣ : DΣ → D∗
Σ, qphys : DΣ → DΣ/ ker PΣ

Ge completed compatibility transition
Ue physical gravitational connection transport

x∆,⋆ compatible local data at Fcomp,∆ = 0
ϕ⋆ the admitted physical state/distribution carrying the spin-two witness
w W2.
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Theorem 22.1 (Covariant-LQG realization of TNEC). Under hypotheses (i)–(v) of Paper II’s non-erasing
continuum-closure theorem, the displayed assignments define a realization of TNEC. In particular,

Fcomp = 0 ∧ W2[Gphys] ̸= 0,

and, on every connected simply connected compatibility subcomplex,

−−→∏
e⊂∂f

Ge = I.

This compatibility closure imposes no equation Hphys
f = I on the separately typed physical connection

holonomy.

Proof. The realization is discharged clause by clause.

(1) Paper II Eq. (21) gives the exact zero locus required by (NEC1): cocycle, transported-bivector, and
induced-geometry defects vanish simultaneously exactly when Fcomp = 0.

(2) The EPRL simplicity map, Paper II Eq. (26), supplies the independently typed gravitational-sector
selector Sγ .

(3) Paper II Eqs. (30) and (31) are exactly (NEC2) and (NEC3).

(4) Paper II Eqs. (34)–(36) supply the distributional physical quotient (NEC4).

(5) Paper II Eqs. (40)–(42) define W2 and impose the nonzero physical witness (NEC5).

(6) Paper II Lemma 1 and Eqs. (46)–(47) give the compatibility-loop closure (NEC6) on simply connected
compatibility subcomplexes.

(7) Paper II Eqs. (24)–(25) type the physical holonomy separately and prove that Fcomp = 0 does not
imply Hphys

f = I, which is exactly the non-identification retained by (NEC7).

Every field and equation of the contract is therefore inhabited. No row is established by word substitution
alone.

The remaining ultraviolet matching test in Paper II is model-specific: one must show that an admitted
relevant deformation passes to the physical quotient and has nonzero spin-two residue. Its OPEN status
does not reopen the contract realization under the theorem’s stated hypotheses.
The exact relation between the papers is now:

Mroot |= Tcore, Redcore(MLQG, ∆) |= Tcore, MLQG |= TNEC.

The local Lie-algebra adapter β∂ and its complexification provide a separate coordinate joint. The root
does not manufacture the EPRL amplitudes. The translation codex defines the non-erasing contract that
the covariant-LQG construction realizes.
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23 The branched dependency architecture

The strict proof spine and its consequences are:

Stage 0: (V, ω), ω(v, v) = 0
↓

Stage 1: generic Qa family and selected Q ∈ Dtr

↓
Stages 2–4: Φ, Ψ,

√
5, G, D4, D∞

↓
Stage 5: reciprocal axial carriage, quotient Return, harmonic Memory

From that common spine, the consequences branch:

common root and axial carriage

finite Scope
8 → 28 → 7

arithmetic Scope
m = 4 → p⋆ = 137 → 548

metric adapter
Θax → (ds2

H , ds2
L)

continuum contract
TNEC → covariant LQG

The supplied Bertotti–Robinson completion continues the metric branch. The seven office names read the
finite and axial branches. Neither branch is a premise of the LQG amplitude, and the LQG amplitude is
not a consequence of the K8 scanner or the integer 137.
The common exact sentence is smaller:

Form Λ Fit ∆ Function.

At continuum resolution, this becomes a contract realization rather than a serial algebraic derivation:

Fcomp = 0 ∧ W2[Gphys] ̸= 0.

24 Canonical basis and integrated dependency–status ledger

24.1 The exact basis and branch points

The exact local basis is
Broot = {I, Q, Ω, G}.

The exact center packet is
C0 = (0, θ, π).

The exact mirror/carriage block is

H = G/
√

5, S = (2Q − I)/
√

5, Lt = et(log Φ)S .

The exact finite/infinite lock is
D∞/⟨q4⟩ ∼= D4.
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The exact Return packet is
(0, −2I, Rn+1).

The certified branches are

8 → 28 → 7, m = 4 → p⋆ = 137 → 548, Θax → (ds2
H , ds2

L), TNEC → LQG.

24.2 One ordered ledger

The proof order and claim status are carried in the same table. The Stage 7–8 boundary is the exact
point at which derivation stops and supplied physical completion data enter.

Stage /
branch

Result Status Immediate dependency Boundary

0 dim V = 2 is minimum for nondegenerate
alternating ω; ω(v, v) = 0

Certified alternating bilinear algebra zero is relational, not
absence

1a Q2
a = aQa + I, G2

a = (a2 + 4)I, generic
mirror/dihedral family

Derived direct 2 × 2 multiplication no golden selection yet

1b least trace in Dtr is 1, orbit {Q, P QP } Certified /
derived in
declared class

class Dtr and trace argument not universal over all real
matrices

2 Φ, Ψ, Φ − Ψ =
√

5, Q as multiplication by
Φ

Derived selected Q and ordered chart condition-first and
selection-first reads
require the chart

3 G = [Q, Ω], G2 = 5I, {I, Q, Ω, G} basis of
M2(R)

Certified selected Q, normalized Ω local algebra only

3 alternating zero and golden signed nullity
remain distinct

Certified ω and gG common carrier does not
identify forms

4 exact wheel order m = 4, D4, D∞,
D∞/⟨q4⟩ ∼= D4

Certified normalized mirror H finite phase and infinite
address remain different
groups

4 central Return packet (0, −2I, Rn+1) Certified odd central action and
append law

closure, Difference,
occurrence have different
codomains

5 reciprocal carriage Lt, mirror inversion,
quotient Return, harmonic period

Certified H, S, Φ projective quotient is not
physical proper-time
quotient

5 neutral-mean Return and
sech2 r + tanh2 r = 1

Derived reciprocal coordinates reader identity, not new
dynamics

5 axial center rail δ = 0 Certified Fermi chart coordinate zero, not
Lorentzian nullity

6 paired order-four identities select m = 4
and p⋆ = 137

Certified Fibonacci/Lucas identities pure number theory

6 ord137(4) = 34, order-four quotient,
address 548

Certified modular arithmetic and CRT no measured coupling
generated

7 dual metric pullback by Θax Derived
adapter

H-eigenframe and axial chart actual map displayed

7 Lorentzian null interval ds2
L = 0 Derived in

adapter
signed pullback metric first physical-metric-type

zero
8 Bertotti–Robinson Einstein–Maxwell

completion
Supplied and
checked

equal-radius S2, ℓ, Maxwell
flux

root does not supply
these data

Finite
Scope

eight addresses, twenty-eight seams,
seven-by-four scan, seven relative phases

Certified four-phase wheel and two lift
windows

branch does not generate
continuum dynamics

Finite
Scope

seven-band exterior-energy fold Derived one-factorization and
Lagrange identity

coarse, not invertible on
all seams

Method Construct/Verify separation and
responsibility domains

Certified typed signatures and
quantifiers

does not settle P versus
NP

Method verified variational symmetry yields
Noether current

Imported /
proved in
source

Noether hypothesis generator, test, current
remain distinct
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Stage /
branch

Result Status Immediate dependency Boundary

Codex fold/lock, gluing/flatness, macro/micro,
return/reset locks

Certified in
native
carriers

cited source constructions same duty does not
identify carriers

Gauge
joint

β∂ : su(2)root ∼= su(2)boundary and
complexification

Derived
adapter

compact root frame and
Pauli basis

no EPRL data generated

Contract finite core Tcore Defined and
root-
inhabited

central Return theorem closure and survival reads
may differ in type

Contract continuum extension TNEC Defined refinement, quotient,
transport, readout fields

a specification, not a
physical model by itself

LQG covariant-LQG realization of every TNEC
clause

Derived
under Paper
II hypotheses

Paper II Eqs. (21), (26),
(30)–(36), (40)–(47)

no word-substitution
proof

LQG model-specific ultraviolet deformation
match

Open Paper II Eq. (44) target-side calculation
only

Reader seven office names and experiential
readings

Declared certified operations not used to prove algebra
or LQG

9 p⋆ ↔ α−1, Φ ↔ 4He2+, Φ[π] ↔ h Declared /
outside dual
proof

separate adapters and break
tests

no certification borrowed
here

25 Conclusion

The system begins with a typed zero. A nondegenerate alternating relation requires two real dimensions,
and its self-pairing vanishes without making the carrier vanish. A generic reciprocal family then shows
which parts of the mirror/dihedral architecture are structural. The declared discrete transport class
selects Q as its least-trace carrier, and only at that selected minimum do the golden spectrum, Fibonacci
recurrence,

√
5 seam, and period 2 log Φ become load-bearing.

The selected root generates a complete planar algebra, a signed metric, a normalized mirror, a finite
D4 wheel, an infinite D∞ carriage, and their exact quotient. Euler’s half-turn closes one read while
leaving another nonzero. Reciprocal axial carriage preserves the split relation, its quotient returns, its
cover coordinate advances, and its harmonic class retains the completed traversal. The four zeros remain
different relations: alternating self-pairing, signed nullity, axial center, and Lorentzian null interval.
The consequences branch. The finite branch gives eight occurrence addresses, twenty-eight pairwise
seams, seven complete matching rounds, and seven relative phase coordinates. The arithmetic branch
gives the order-four selection p⋆ = 137 and the finite address 548. The metric branch gives an actual
coframe adapter and, after supplied physical completion data, the Bertotti–Robinson solution. None of
these branches is used as a serial cause of another.
The continuum branch is now exact in the corpus’s own sense of an adapter. The finite root supplies a
model of the non-erasing closure core. The continuum contract TNEC names the additional refinement,
readout, physical quotient, transport, and survival obligations. Paper II realizes every clause under its
stated hypotheses. The direct local Lie-algebra joint preserves brackets and trace pairing between the
displayed compact root frame and the SU(2) boundary algebra, with complexification to the Lorentzian
sl(2,C) bulk algebra. The EPRL simplicity map, amplitudes, physical quotient, and spin-two observable
remain native LQG data.
The two-paper dual therefore closes in one exact sentence:
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An acceptable gravitational continuum closes without erasure only when
compatibility closes and the required physical Difference remains readable

after refinement and the physical quotient.

In the minimum grammar:
Form Λ Fit ∆ Function.

In the covariant-LQG realization:

Fcomp = 0 ∧ W2[Gphys] ̸= 0.

The first is the contract. The second is its proudly exact native realization under the stated hypotheses.

Acknowledgments
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A Compact algebra audit

For direct recomputation, begin with the generic family

Qa =
(

a 1
1 0

)
, Ω =

(
0 1

−1 0

)
, Ga = QaΩ − ΩQa =

(
−2 a

a 2

)
.

Then
Q2

a = aQa + I, G2
a = (a2 + 4)I.

The selected least-trace case is a = 1:

Q = Q1 =
(

1 1
1 0

)
, G = G1 =

(
−2 1
1 2

)
.

Then

Q2 =
(

2 1
1 1

)
= Q + I, Ω2 = −I, G2 = 5I.

Moreover,
QTΩQ = −Ω, QTGQ = −G,

so
(Q2)TΩQ2 = Ω, (Q2)TGQ2 = G.

The forms return after two steps while a generic vector does not.
With

H = G√
5

, S = 2Q − I√
5

,

one computes
H2 = S2 = I, SH = Ω, HS = −Ω, HΩH = Ω−1,
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HQH = −Q−1.

Finally,
Lax = e(log Φ)S = cosh(log Φ)I + sinh(log Φ)S = Q + 2I√

5
,

because
cosh(log Φ) =

√
5

2 , sinh(log Φ) = 1
2 .

These calculations are the complete local engine.
With K = ΩH and the ordinary complex scalar i,

J1 = Ω, J2 = iH, J3 = iK

satisfy
JaJb = −δabI + εabcJc.

Thus Ta = Ja/2 has
[Ta, Tb] = εabcTc, −2 tr(TaTb) = δab,

which is the exact local algebra checked by the boundary adapter.

B The staged contract in one page

Stage 0: minimum relation V = R2, ω(v, v) = 0,

Stage 1: generic family Q2
a = aQa + I, G2

a = (a2 + 4)I,

Stage 1: selected minimum Q = Q1 is least trace in Dtr,

Stage 2: golden spectrum Φ, Ψ, Φ − Ψ =
√

5,

Stage 3: local algebra G = [Q, Ω], AlgR(Q, Ω) = M2(R),
Stage 4: dihedral lock D∞/⟨q4⟩ ∼= D4,

Stage 4: central Return (0, −2I, Rn+1),
Stage 5: Memory carriage LT

t GLt = G, HLtH = L−1
t ,

Stage 5: Return / lift p(Lz) = p(z), Λ(Lz) = Λ(z) + T,

Stage 6: arithmetic branch m = 4 → p⋆ = 137 → 548,

Stage 7: metric adapter Θ∗
ax(gi, ηG) = (ds2

H , ds2
L),

Stage 8: supplied completion ÃdS2(ℓ) × S2(ℓ), F = ℓ−1θ0 ∧ θ1,

Finite Scope branch 8 → 28 → 7,

Local gauge joint su(2)root ∼= su(2)boundary,

Finite closure core c(x⋆) = 0, w(x⋆) ̸= 0,

Continuum contract TNEC : (NEC1)–(NEC7),
LQG realization Fcomp = 0 ∧ W2[Gphys] ̸= 0.
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C Reference deck

The bibliography preserves both the native historical coordinates and the internal proof sequence.
Historical works are cited for their established results; internal papers are cited for the exact constructions
composed into the present synthesis.
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