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Status. Definitions are DECLARED. The separation, independence, finite-cycle, and state/history results
proved below are DERIVED under their displayed fixed-version and reader hypotheses.

Abstract. This paper separates six predicates that ordinary language often compresses: application, another
admissible application, persistence, enacted endurance, return, and occurrence. A partial operation can
remain reusable without being enacted; an enacted sequence can continue without returning; a reader can
return while an adequate history receipt remains non-null. The paper types the reuse gate on the domain
of a partial map, makes rule-version identity explicit, declares the history reader that induces the history
quotient, and separates receipt adequacy from mere legibility. No force, energy, physical time, biological
survival, or psychological endurance is inferred from the abstract grammar.

1 Scope and rule version

Let X be a state space and let
O:X—~X

be a partial operation with admissible domain
Ao = Dom(0) C X.

Definition 1.1 (Rule version). For a declared partial operation F : X — X with domain Ap and state
reader p: X — Y, its rule version is the record

Vp = (F7AF7P)

Every persistence, endurance, and return statement in this paper is relative to one fized vp. Changing F,
AR, or the promised reader/resolution creates a new rule version. A version change is not silently counted
as continuation of the old run.

The distinctions studied here are:

‘ can continue #* remains reusable # does continue # returns.

2 Application and the reuse gate

Definition 2.1 (Application). O is applicable at x exactly when
T € Ap.

Definition 2.2 (Reuse gate). The reuse gate is posed only after one lawful application is available. Thus,
for x € Ap, define
0] A
NeXtO(fL‘) — Can7 (x) 6 O?
o, Ox) ¢ Ao.

Write canp(z) for the proposition Nexto(z) = can.

If z ¢ Ao, the first application is already refused; O(z) is not formed and the reuse question is not yet posed.
The gate says that another application is available. It does not say that another application occurs.
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3 Persistence and endurance

Fix g € X and N > 1.
Definition 3.1 (Persistence through N). Write
Persistsn (O, xo)

when

OF(x0) € Ao, k=0,...,N—1.

Thus N applications are admitted under the fixed rule version. Persistence is continued applicability, not
occurrence.

Let
er € {0,1}, k=0,...,N —1,

record whether the kth admitted application is actually enacted.

Definition 3.2 (Endurance through N). Write
Enduresy (O, zo; €)

when
OF(x9) € Ao and e, =1, k=0,...,N —1.

Endurance is admitted continuation enacted.
Theorem 3.3 (Persistence/endurance separation). For every N > 1,
Enduresy (O, zo; €) = Persistsy (O, o),

while the converse fails in general.

Proof. Endurance contains every domain-membership condition required for persistence. For the converse,
choose any operation whose first IV iterates are admitted and choose an enactment record with e; = 0 for at
least one j < N. Persistence still holds while endurance fails. ]

‘ persistence = continued admissibility endurance = admitted continuation enacted.

4 Return and order sensitivity

Let
p: X =Y

be the state reader in the fixed rule version.

Definition 4.1 (Return closure). O returns after n > 1 applications at reader p from x when
p(0"z) = pla),

provided the required iterates are defined. Exact carrier return is the stronger statement

Oz = x.
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Closure does not imply that another application occurs, and endurance does not require closure at every
step.

Definition 4.2 (Order sensitivity). Two partial operations O1,02 are order-sensitive at x when both
composites are defined and
0201$ 75 0102$.

Theorem 4.3 (Return and order are independent). Return non-closure does not imply order sensitivity,
and indiwidual operator closure does not imply mutual order independence.

Proof. Translation T'(x) = 2+ 1 on R has no finite exact return, while translations commute. Conversely, let

a3 ) w0 ).

Then
A’=RB?=1],
while
0 1 0 -1
= (0 ) (0 )
Thus individual return and mutual commutation are separate predicates. ]

5 Holding and the reusable cycle

A primary operation may remain reusable because a separate maintenance operation preserves or restores
the conditions required for another application.

Definition 5.1 (Holding operation). A holding or reset operation is a partial map
H:X—~X

used to restore or preserve next-step admissibility for O. The declared reusable cycle is
C:=HoO

where the composition is defined, with
Ac = Dom(C).

Naming C does not identify H with O.

Restoration boundary. If an external intervention restores admissibility, either it is typed as part of the
declared cycle before the run is certified, or the later activity belongs to a new rule version. An unrecorded
rescue cannot be attributed to the original operation.

6 Protocol motion and termination

Definition 6.1 (Protocol motion). Motion through N is the enacted sequence of N admitted applications
of the declared operation or cycle. The application index is discrete because the protocol counts uses. A
physical realization may assign continuous trajectories to those uses; no continuous-time claim follows from
the discrete count alone.
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Definition 6.2 (Termination). Persistence terminates at the first stage at which the next declared application
1s unavailable under the fixed rule version. Endurance ceases at the first admitted stage whose enactment
flag is 0.

A pause in enactment need not destroy persistence. Loss of admissibility prevents further endurance under
the same rule version.

Theorem 6.3 (Finite endurance criterion). Fiz the cycle rule version
ve = (C, Ac, p).

Then the cycle endures through N from xq exactly when

(i) C*(x0) € Ac fork=0,...,N —1;

(ii) each of those N admitted cycle applications is enacted.

If any component of vo changes before the Nth application, the old run ends and the theorem applies
separately to the new version.

Proof. Under fixed v¢, condition (i) is exactly Persistsy (C, z¢) and condition (ii) is exactly the additional
enactment requirement in Enduresy(C, zo;e). The version clause follows from Definition 1: a changed
operation, domain, or reader is a new rule version rather than another step of the old one. ]

7 History reader, adequate receipt, and occurrence

Let H be a history class containing a distinguished null history hg. Declare a history reader
prH — Yy
and the induced equivalence relation
hi ~py ha <= py(h1) = pu(ha).

Let
T H = H~p,

be the quotient map, and let
o:H = Xy

be a receipt map.
Definition 7.1 (Receipt adequacy). The receipt o is adequate at the declared history resolution when
h1 %pﬂ hy — U(hl) 75 U(hg).

Thus every history distinction promised by the reader remains legible in the receipt.

If exact quotient recovery is claimed, the stronger requirement is a decoder
Dec : im(o) = H/~p,,

satisfying
Decoo = my.

The history resolution may not be weakened after observation merely to make a constant or lossy receipt
appear adequate.
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Definition 7.2 (Occurrence at history resolution). An enacted history h is a non-null occurrence at the
declared history resolution when

h %y, he.
Theorem 7.3 (Closed state, non-null history). Let C' be a completed cycle with associated history he. If
p(Car) = p(a)
and
hC '76p7.¢ h@a

then every adequate receipt satisfies
o(he) # o(ho).

Hence reader return is compatible with a traversal that remains distinguishable from null history at the
declared history resolution.

Proof. The state equality is a statement in the codomain Y of the state reader. The history inequality is
a statement in the quotient induced by py. Receipt adequacy therefore gives o(h¢) # o(hg). The two
conclusions concern different carriers and may hold simultaneously. O

8 Operational register

Word Formal office Minimum test

can next use available x € Ap and O(z) € Ao

persistence  continued applicability Persistsy (O, xg)

endurance persistence enacted Enduresy (O, zp; €)

hold /reset maintenance operation H restores/preserves next admissibility
return state-reader closure p(O"z) = p(x)

termination end of present run first failed admissibility or enactment test
occurrence enacted non-null history h %5, he with adequate receipt

9 Boundary

This paper does not infer force, energy, entropy, physical time, causal accessibility, biological survival, or
psychological endurance from the abstract grammar. Those require separate native constructions.

It also does not identify persistence with endurance, closure with motion, a repeated symbol with an
occurrence, or state return with empty history.

Persistence is permission for another application.
Endurance is that admitted application actually continuing.
Return is equality at a declared state reader.

Occurrence is a history distinction retained at a declared history reader.

Provenance. The reuse question and persistence/endurance distinction were first isolated on 24 January 2026; a
formal revision on 21 August 2026 separated possible reuse from enacted continuation, return from order sensitivity,
and discrete protocol count from continuous physical evolution. These dates are provenance only; every required
definition and proof is stated locally.



	Scope and rule version
	Application and the reuse gate
	Persistence and endurance
	Return and order sensitivity
	Holding and the reusable cycle
	Protocol motion and termination
	History reader, adequate receipt, and occurrence
	Operational register
	Boundary

