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Abstract

We classify a real split-plane evolution in which invariant structure, advancing state, returning observation,

and retained succession have separately declared mathematical types. A recurrence matrix Q and an area form Ω
determine a split metric G = [Q,Ω], its hyperbolic flow Ls = esS , and a reversing reflection H . The full linear

isometry group is O(g) = SO(g) ⋊ ⟨H⟩, with SO(g) ∼= R × {±1} acting simply transitively on each nonzero

metric level. In the exact chart (λ,m, κ, σ), evolution translates λ while retaining (m,κ) and transporting the

oriented sign. Selecting T = −Llogφ gives an axial return each step, an oriented return every second step,

and distinct complete states. All selected homogeneous readers are classified by stabilizer subgroups. The

two natural double covers of the axial circle, together with their four-sheet common refinement, follow from

a single subgroup diagram. The full T -orbit quotient is a circle and has a degree-two map to the axial reader.

A finite receipt extension retains predecessor–successor transitions; a chosen four-phase timing register gives

exact four- and eight-microstep readout periods. A scale theorem separates the general mechanism from its

Fibonacci-normalized sampling interval. A conditional controlled-evolution theorem extends the fixed orbit

to admissible, seed-dependent steps in SO(g), with a nonredundant action receipt and exact accumulated

return criteria. Defined applications distinguish the split-metric sector from optical contrast and represent

DNA complementarity as a selected half-turn without replacing biochemical replication. A time-indexed

reader interface identifies the additional structure required to model learning. Mathematical results, empirical

mechanisms, and historical evidence retain separate authorities.

Jurisdiction and strength. The proved object is a real 2 × 2 matrix action with specified state space, quotient

readers and a finite receipt extension. Its parameter s is dimensionless mathematical time. Statements about

measured physical time, inheritance, survival, and history occupy declared application interfaces with their own

data and validation conditions. The word reader means a map acting on states inside the declared dynamical

system.

1 Reference, question, and claim

Fix the real plane V = R2
, a bilinear metric g, a two-form ω, an action E ↷ V , a non-null state domain X , and

declared readers ρ : X → Y . A state is a vector z ∈ X ; a reading is the value of a specified map ρ on that vector;

a return of a reading is equality of reader values along an evolving orbit; a record is a retained finite sequence of

transitions. These offices have distinct codomains and distinct tests.

The structural question is whether one exact realization can carry, simultaneously,

g(Tz, Tz) = g(z, z), ρ(Tz) = ρ(z), Tnz = Tmz =⇒ n = m, (1)

with a record that preserves the intervening transitions. The second construction permits a typed seed to select

successive group steps; it retains the action and input as part of each receipt. Equation (1) declares conservation,

reader return, and faithful progression. Each relation will follow from the stronger classification theorems below; it

is the entry point rather than the final result.

A second question concerns exact selection: which structures are forced by the matrix realization, which are

selected by a chosen reader, and which arise when a stored history or an outside interpretation is added? The

manuscript resolves these in dependency order: declared reference → arithmetic → metric geometry → group

action → reader selection → history and timing → application interfaces.
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Office Source of authority Exact commitment

Declared reference V,Q,Ω State plane, recurrence matrix, oriented area convention.

Derived structure G,S,H,C,Ls Split metric, infinitesimal flow, reflection, angular generator and isome-

tries.

Selected sampling a0 = logφ, T = −La0 Fibonacci-normalized forward interval coupled to the central sign.

Selected reading K ≤ E An observation quotient whose return subgroup is K.

Admitted selection an = SelectJ∗(zn, Rn, un) Conditional seed-dependent step within SO(g); exact if a selected step

is admitted.

Retained occurrence T̂ , Rn Append-only predecessor–successor trace for the declared trajectory.

Added timing r ∈ Z/4Z A four-position register with a carry at the fourth position.

Application f , clocks, instruments, cri-

teria

External correspondence and validation rules supplied for a proposed

use.

2 Arithmetic origin and declared geometry

Let

Q =

(
1 1
1 0

)
, Ω =

(
0 1
−1 0

)
, C = −Ω =

(
0 −1
1 0

)
, G = [Q,Ω] =

(
−2 1
1 2

)
. (2)

Here [A,B] = AB −BA. Direct multiplication gives

Q2 = Q+ I, C2 = −I, G2 = 5I, detG = −5, sig(G) = (1, 1). (3)

The symmetric pairing and alternating area form are

g(u, v) = uTGv, ω(u, v) = uTΩv. (4)

The metric has one positive and one negative direction. Under a basis change P ∈ GL2(R), vectors and bilinear

forms transport as z′ = P−1z, G′ = PTGP , and Ω′ = PTΩP . The scalar values of g and ω are therefore preserved

under coherent reference change.

Write

φ =
1 +

√
5

2
, ψ =

1−
√
5

2
= −φ−1, v+ =

(
φ
1

)
, v− =

(
ψ
1

)
. (5)

These satisfy Qv+ = φv+ and Qv− = ψv−. Their exact metric pairing is

g(v+, v+) = g(v−, v−) = 0, g(v+, v−) = 5. (6)

Thus any z = av+ + bv− obeys g(z, z) = 10ab. Its non-null domain is

X = {av+ + bv− : a, b ∈ R, ab ̸= 0} = {z ∈ V : g(z, z) ̸= 0}. (7)

Each h ∈ R \ {0} defines an invariant level Ah = {z : g(z, z) = h}.

3 Selected evolution: recurrence, flow, and reflection

Define

S =
2Q− I√

5
, H =

G√
5
, Ls = esS , a0 = logφ, ϖ = 2a0, (8)

L = La0
=
Q+ 2I√

5
, U(α) = eαC =

(
cosα − sinα
sinα cosα

)
, T = U(π)L = −L. (9)

Lemma 3.1 (Metric flow and arithmetic factorization). The following identities hold:

S2 = H2 = I, STG+GS = 0, Ls = cosh s I + sinh s S, LsLt = Ls+t, (10)

LT
sGLs = G, detLs = 1, HLsH = L−s, HTGH = G, (11)

Q = LS, QTGQ = −G, Q2 = L2 = T 2, HTH = T−1.
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Proof. The first line is direct from Q2 = Q + I and G2 = 5I . Since S2 = I , the exponential separates into its

even and odd powers. Differentiating LT
sGLs gives LT

s (S
TG+GS)Ls = 0, with initial value G. The eigenvalues

es, e−s imply determinant one. Direct multiplication yields HSH = −S, hence HLsH = L−s; symmetry and

H2 = I give HTGH = G. Using cosh(a0) =
√
5/2 and sinh(a0) = 1/2 gives the stated L. Then LS = Q, while

STGS = −G, so QTGQ = −G. Finally Q2 = L2
follows from Q = LS and [L, S] = 0, and T = −L gives the

remaining claims. □

The factorization Q = LS identifies three distinct operations from the same recurrence. The matrix Q transports

the metric level h to −h; L advances the flow while preserving h; T advances by the same amount and carries

the central sign. Their second powers coincide. This is the exact arithmetic selection connecting recurrence

and metric-compatible evolution. Here Q has determinant −1 and transports g to −g, whereas L and T have

determinant +1 and preserve g. The original Fibonacci recurrence is the historical antecedent of Q2 = Q+ I ; Q is

its present matrix encoding.

4 The complete isometry group

Set

E = R× {±1}, E(s, ε) = εLs, (s, ε)(t, δ) = (s+ t, εδ). (12)

The connected flow is s 7→ Ls; the second factor is the central half-turn −I = U(π).

Theorem 4.1 (Complete linear symmetry and reversal). For the metric g in (2),

SO(g) = {εLs : s ∈ R, ε ∈ {±1}} ∼= R× {±1}, O(g) = SO(g)⋊ ⟨H⟩. (13)

Each E(s, ε) preserves g and ω; H preserves g, reverses ω, and acts by

HE(s, ε)H = E(−s, ε). (14)

The two factors in O(g) are exact: H2 = I and detH = −1.

Proof. Use the null eigenbasis (v+, v−). By (6), the matrix of g becomes J =
(
0 5
5 0

)
. IfM =

(
p q
r t

)
obeysMTJM = J ,

then pr = qt = 0 and pt+ qr = 1. ConsequentlyM is either diag(u, u−1) or

(
0 u

u−1 0

)
, with u ∈ R×. The first family

has determinant +1 and is exactly εdiag(es, e−s), namely E(s, ε). The second has determinant −1 and equals

E(s, ε)H for a suitable (s, ε), since H is

(
0 φ−1

φ 0

)
in this basis. Conjugation follows from HSH = −S. Any 2× 2

matrix M obeys MTΩM = (detM)Ω, proving the area assertions. □

Proposition 4.2 (The invariant bilinear form is selected up to scale). For the generator S, the vector space of symmetric
bilinear forms B satisfying LT

sBLs = B for every s ∈ R is one-dimensional, generated by G. Each nonzero such B is split
and nondegenerate. The space of alternating bilinear forms on V is also one-dimensional; every member is preserved by E .

Proof. In the eigenbasis, Ls = diag(es, e−s). The two diagonal entries of B multiply by e2s and e−2s; invariance

for all s sets them to zero. The symmetric off-diagonal entry remains free, yielding B = c
(
0 1
1 0

)
. When c ̸= 0 its

determinant is −c2. Every alternating 2× 2 matrix is a scalar multiple of Ω, and det E = 1. □

5 Normal form and homogeneous metric levels

For z = av+ + bv− ∈ X , define the complete signed chart

N(z) = (λ,m, κ, σ), λ = log |a/b|, m = |ab|, κ = sgn(ab), σ = sgn(a). (15)

An orientation of v+ is fixed when σ is read; reversing that orientation transports the sign convention along with

the reference frame.
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Lemma 5.1 (Exact translation chart). The map N is a bĳection

X −→ R× R>0 × {±1}2, a = σ
√
meλ/2, b = κσ

√
me−λ/2. (16)

Its transformation laws are

N(E(s, ε)z) = (λ+ 2s,m, κ, εσ), (17)

N(Hz) = (−λ−ϖ,m, κ, κσ), (18)

N(Qz) = (λ+ϖ,m,−κ, σ), (19)

N(Tz) = (λ+ϖ,m, κ,−σ), g(z, z) = 10κm.

Proof. The inverse follows from |a||b| = m and |a|/|b| = eλ. The eigenline multipliers for Ls are es, e−s; S
multiplies b by −1; Q = LS. Further, H(av+ + bv−) = (b/φ)v+ + (φa)v−, proving the reflection formula. The

final equality follows from (6). □

Theorem 5.2 (Metric levels are homogeneous state spaces). For every h ∈ R×, the level

Ah = {z ∈ X : g(z, z) = h} ∼= R× {±1} (20)

is a simply transitive SO(g)-space: for every ordered pair z, w ∈ Ah there is exactly one E(s, ε) with E(s, ε)z = w. In
particular the action on X is free.

Proof. On Ah, the parameters κ = sgnh and m = |h|/10 are fixed. For states with coordinates (λ, σ) and (λ′, σ′),
choose uniquely s = (λ′ − λ)/2 and ε = σ′/σ. The chart law gives existence and uniqueness. □

Thus metric value h labels the invariant level, λ supplies a continuous coordinate along its flow, and σ supplies

the transported oriented branch. Free progression is an intrinsic symmetry property of each metric level.

6 Readers and exact return periods

Declare a quotient-periodic axial reader and its oriented-sign refinement:

ρax(z) = [λ]ϖ ∈ R/ϖZ, ρ±(z) = ([λ]ϖ, σ) ∈ (R/ϖZ)× {±1}. (21)

For a full projective reference also write p(z) = [z] ∈ RP 1
. The reader ρax records the logarithmic axis modulo the

selected step. The reader ρ± additionally records the oriented eigenline sign. The projective reader p records

a direction and is invariant under scalar −I . On a fixed Ah it retains the full real coordinate λ (with κ fixed),

whereas ρax additionally quotients by the discrete axial step. Both have a declared role in the reading hierarchy.

Theorem 6.1 (Exact selection of homogeneous readers). Fix h ∈ R× and a reference state zh ∈ Ah. By Theorem 5.2,
each z ∈ Ah has a unique expression z = ezh with e ∈ E . For any closed subgroup K ≤ E , define

ρK(ezh) = eK ∈ E/K. (22)

This reader has fibers exactly the K-orbits. A group step t ∈ E returns its reading precisely when t ∈ K, and its nth iterate
returns precisely when tn ∈ K. For K1 ⊆ K2, the canonical map E/K1 → E/K2 factors the corresponding readers. Thus
the subgroup K selects the information retained by this class of readers.

Proof. The action on Ah is simply transitive and E is abelian. Therefore ρK(tezh) = teK = eK precisely when

t ∈ K. The same criterion applies to powers tn. If K1 ⊆ K2, sending eK1 to eK2 is well-defined and realizes the

factorization. Closedness gives the usual Hausdorff quotient topology for the selected subgroups. □

The declared axial and oriented-sign readers are concrete presentations of this construction, up to a fixed

translation of the quotient coordinate determined by zh. The theorem classifies homogeneous quotient readers; an

arbitrary instrument-specific observation map requires its own definition.
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Theorem 6.2 (Reader stabilizers and faithful progression). For every z ∈ X and (s, ε) ∈ E the return criteria are

ρax(E(s, ε)z) = ρax(z) ⇐⇒ s ∈ a0Z, (23)

ρ±(E(s, ε)z) = ρ±(z) ⇐⇒ s ∈ a0Z and ε = +1, (24)

E(s, ε)z = z ⇐⇒ (s, ε) = (0,+1).

For n ∈ Z, the complete iterate is

Tnz = (−1)n
(
φna v+ + φ−nb v−

)
, N(Tnz) = (λ+ nϖ,m, κ, (−1)nσ). (25)

Consequently ρax returns under each T -step, ρ± has least positive T -period 2, and the full T -orbit is injectively indexed by
n ∈ Z. Under L, both ρax and ρ± return after every integer step.

Proof. Equation (17) changes λ by 2s and σ by ε. A quotient class [λ]ϖ is fixed exactly when 2s ∈ ϖZ. The refined

reader also requires εσ = σ. The complete state criterion follows from injectivity of N . Finally Tn = (−1)nLna0
,

so both eigencomponents carry the same central factor (−1)n, proving (25) and all stated periods. □

The least positive continuous flow parameter returning ρax(Lsz) is a0 = logφ. This makes L its sampling map.

The map T = −L is the sampling map coupled to the branch exchange. These are reader-return sampling maps; a

Poincaré first-return map would additionally specify a transverse section of the state flow.

7 The step quotient is an exact double cover

Let β(σ) = (1− σ)/2 ∈ {0, 1}. On each fixed metric level define

ηT : Ah −→ R/(2ϖZ), ηT (z) = [λ+ϖβ(σ)]2ϖ . (26)

The bracket subscript specifies the period of the class. This is an orbit-class coordinate chosen by the step T and

the oriented chart.

Theorem 7.1 (Orbit quotient, covering projection, and reflection). For each h ∈ R×, the coordinate ηT induces a
homeomorphism

Ah/⟨T ⟩ ∼= R/(2ϖZ). (27)

Writing q([u]2ϖ) = [u]ϖ, the reader factors exactly as

ρax
∣∣
Ah

= q ◦ ηT , q : R/(2ϖZ) −→ R/(ϖZ), (28)

where q is a degree-two covering map. In these coordinates,

ηT (Tz) = ηT (z), (29)

ηT (Lz) = ηT (z) +ϖ (mod 2ϖ), (30)

ηT (E(s, ε)z) = ηT (z) + 2s+ϖβ(ε) (mod 2ϖ), (31)

ηT (Hz) = −ηT (z) +ϖ
1 + κ

2
(mod 2ϖ). (32)

The quotient symmetry group is likewise a circle:

0 −→ ⟨T ⟩ −→ E (s,ε)7→[2s+ϖβ(ε)]2ϖ−−−−−−−−−−−−−−→ R/(2ϖZ) −→ 0. (33)

Proof. Under T , λ advances byϖ and σ changes sign. Since β(−σ) = 1−β(σ), the quantity λ+ϖβ(σ) changes by

0 or 2ϖ, hence has the same class in R/(2ϖZ). Conversely, equality of two ηT values means that the λ coordinates

differ by an integer multiple of ϖ whose parity gives precisely the observed relation between their signs. The two

states therefore differ by one and only one power of T . The map ηT is a local homeomorphism on each signed

component and produces the asserted circle quotient. Reducing its class moduloϖ proves (28); its fibers have two

points. The first three transformation formulas follow from (17); inserting N(Hz) into (26) gives the reflection

formula, separately for κ = +1 and −1. Finally the displayed group map is a surjective homomorphism; its kernel

consists exactly of the pairs (na0, (−1)n), which form ⟨T ⟩. □
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Corollary 7.2 (Complete classification of step orbits). Two states z, w ∈ X lie on the same integer T -orbit exactly when

g(z, z) = g(w,w) and ηT (z) = ηT (w). (34)

Thus (g(z, z), ηT (z)) is a complete orbit-class reader for the chosen T , while ρax is its two-sheet projection on each metric
level.

Proof. Metric invariance is Lemma 3.1. Equal metric values place the states on one Ah, where Theorem 7.1

identifies equal ηT values with the same T -orbit. □

The three readers now have explicit and distinct offices: ρax is a quotient-periodic observation; ρ± transports an

oriented branch and has two-step return; ηT classifies full T -orbits on a fixed metric level. This is a precise reader

hierarchy derived from the same state dynamics.

Corollary 7.3 (Two selected double covers and their common refinement). The symmetry subgroups fixing the
declared axial and branch readings and the selected step orbits are

Kax = ⟨L,−I⟩ ∼= Z× Z2, K± = ⟨L⟩, KT = ⟨T ⟩. (35)

They obey K± ∩KT = ⟨L2⟩ = ⟨T 2⟩, and

Kax/K± ∼= Z2, Kax/KT
∼= Z2, Kax/⟨L2⟩ ∼= Z2 × Z2. (36)

On each Ah, ρ± classifies K±-orbits and gives a disconnected double cover of the axial reader (two circles of period ϖ),
while ηT classifies KT -orbits and gives the connected double cover (one circle of period 2ϖ). Their common refinement
Ah/⟨L2⟩ is a four-sheet covering of the axial reader.

Proof. An element E(s, ε) fixes ρax for every state exactly when s = na0; it also fixes ρ± exactly when ε = +1.

The selected step has group coordinates (a0,−1), giving KT = {(na0, (−1)n) : n ∈ Z}. The intersection with

K± = {(na0,+1)} consists precisely of the even powers. The quotient groups follow by retaining parity of

the exponent and of the central sign. The quotient spaces are respectively (R/ϖZ) × {±1}, R/(2ϖZ), and

(R/(2ϖZ))× {±1}, with the final one mapping four-to-one onto R/(ϖZ). □

Proposition 7.4 (Projective reference and the full reader hierarchy). On each Ah the projective reader p(z) = [z] is the
quotient reader for

Kp = ⟨−I⟩, Ah/Kp
∼= R. (37)

It retains λ exactly and identifies the two orientations z and −z. For n ∈ Z, the equality p(Tnz) = p(z) holds precisely
at n = 0, while p(Tnz) = p(Lnz) for every n. The axial reader is the further quotient of this projective coordinate by
λ ∼ λ+ϖ.

Proof. Two vectors on Ah determine the same projective point exactly when w = cz with c2 = 1; hence w = ±z.
In signed coordinates this identifies σ while preserving λ. The projective ratio a/b = κeλ recovers λ for fixed κ.

The shift λ(Tnz) = λ(z) + nϖ fixes this ratio exactly when n = 0; the central sign in Tn = (−1)nLn
disappears

under p. □

Reader Stabilizer K Quotient of a fixed Ah

Least T
period

Full state {I} Two real lines; signed λ coordinate Progresses

Projective p ⟨−I⟩ One real line Progresses

Axial ρax ⟨L,−I⟩ One circle, circumference ϖ 1
Signed ρ± ⟨L⟩ Two circles, each circumference ϖ 2
Step orbit ηT ⟨T ⟩ One circle, circumference 2ϖ 1
Common refine-

ment

⟨L2⟩ Two circles, each circumference 2ϖ 2
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The covering relationship is an exact subgroup diagram, with each arrow a degree-two projection:

Ah/⟨L2⟩

Ah/⟨L⟩ Ah/⟨T ⟩

Ah/⟨L,−I⟩

2:1 2:1

2:1 2:1

(38)

The axial map on the full state level has countably many occurrences in each T -orbit. The degree-two statement

concerns the induced map from the step-orbit quotient to the axial circle, as in Theorem 7.1.

8 Half-turn, area, and the surrounding matrix algebra

The real complex-structure operator C2 = −I gives rotations U(α) = eαC ; in particular

U(π) = −I, p(−z) = p(z), g(−u,−v) = g(u, v), ω(−u,−v) = ω(u, v). (39)

For every real vector space W ,

∧2
(−IW ) = I∧2 W . In dimension two,

∧2
M is multiplication by detM ; hence

both Ls and T fix all exterior two-vectors. The projective group quotient PSL2(R) = SL2(R)/{±I} provides the

exact algebraic reference for the central sign disappearing in projective readings.

The generator of the hyperbolic flow and the generator of angular rotation occupy distinct directions inside the

trace-zero matrix algebra. In fact

CS = H, SC = −H, [C, S] = 2H, [S,H] = −2C, [H,C] = 2S, (40)

so C, S,H form a basis of sl2(R), while their exponentials live in SL2(R). The central element U(π) commutes

with the hyperbolic flow. The general angular family U(α) preserves the area form; the split-metric isometries are

precisely the group classified in Theorem 4.1. This gives the exact relation between the rotational, metric, and

projective references.

9 Retained descent and the four-phase lift

A receipt of a step is the triple (n, z, Tz) recording its index, predecessor, and successor. On finite sequences define

append and split by

snoc((r0, . . . , rk−1), r) = (r0, . . . , rk−1, r), split((r0, . . . , rk)) = ((r0, . . . , rk−1), rk). (41)

Then split(snoc(R, r)) = (R, r) for every finite record R and receipt r.

Proposition 9.1 (Reversible receipt extension). The augmented map

T̂ (n, z,R) =
(
n+ 1, T z, snoc(R, (n, z, Tz))

)
(42)

is injective and admits an exact inverse on its image. From (z0, 0) and the empty record its n-step record is

Rn(z0) =
(
(j, T jz0, T

j+1z0)
)n−1
j=0

(n ∈ Z≥0). (43)

This record is a deterministic function of (z0, n). Within a fixed trajectory n = (λ(Tnz0)− λ(z0))/ϖ.

Proof. Split the final receipt of (42). It supplies the previous index n, previous vector z, and previous prefix R;

checking T−1(Tz) = z independently confirms predecessor transport. Thus the inverse is well-defined on the

image. Iteration proves (43) by induction, and Theorem 6.2 gives the expression for n. □
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The record retains successive occurrences that the quotient reader maps to one value. Its additional work is access
to the sequence of transitions: a known deterministic initial state and an index already suffice to regenerate it.

Any information-theoretic entropy assignment requires a separately declared probability distribution; with a

discrete distribution on initial states and indices, functional dependence gives H(RN | Z0, N) = 0 in Shannon’s

sense. The present deterministic statement is (43).

For either carry operator A ∈ {L, T}, define a four-phase timing system with r ∈ Z/4Z:

FA(r, z) =

{
(r + 1, z), r = 0, 1, 2,

(0, Az), r = 3.
F 4
A(r, z) = (r,Az). (44)

Its readouts are

D0(r, z) = (ir, ρax(z)), D1(r, z) = (ir, ρ±(z)), i2 = −1. (45)

For every z ∈ X , D0 has least positive return period 4 microsteps under both FL and FT . The refined readout D1

has least positive period 4 under FL and 8 under FT . For FT the first four ticks return the phase while exchanging

the branch, and the next four complete the oriented return. The full lifted state (r, z) advances injectively across

complete four-tick blocks.

10 Admitted steps, new seeds, and nonredundant history

The fixed rule zn+1 = Tzn makes Rn a function of (z0, n). A controlled system can carry additional, admitted

input without changing the established metric carrier. Let U be a typed input set, and let SelectJ∗ be a partial rule

that, when its Gate returns can, supplies

an = SelectJ∗(zn, Rn, un) = E(sn, εn) ∈ SO(g), un ∈ U , zn+1 = anzn. (46)

The declared condition includes ownership of the input un and proof that an lies in the displayed group. An

input may be a fresh seed. Its admission is an operation at the present occurrence; a selector with learning or

biological authority requires its own realization.

Theorem 10.1 (Controlled metric evolution and retained action). Fix z0 ∈ X and an admitted finite sequence
aj = E(sj , εj), 0 ≤ j < n. Then

N(zn) =

λ0 + 2
∑
j<n

sj , m0, κ0, (
∏
j<n

εj)σ0

 . (47)

Every transition preserves g and ω. For every homogeneous reader ρK of Theorem 6.1,

ρK(zn) = ρK(z0) ⇐⇒
∏
j<n

aj ∈ K, ρK(zj+1) = ρK(zj) ⇐⇒ aj ∈ K. (48)

With an appended receipt
Rj+1 = snoc

(
Rj , (j, zj , uj , aj , zj+1)

)
, (49)

the prefix, admitted input, actual action, and predecessor are recoverable by splitting the final receipt. If the admitted actions
include L and T = −L as choices from the same z0, the record is not a function of (z0, n) alone. If every sj > 0, the λ
coordinate strictly advances and the complete states at successive occurrences are distinct.

Proof. The group law gives zn = (
∏

j<n aj)z0 and the chart law of Lemma 5.1 yields (47) by induction. Every

factor belongs to SO(g), hence preserves g and ω. Theorem 6.1, applied to the accumulated group product or to

one factor, proves (48). The append/split identity (41) recovers the entire final receipt and its preceding prefix.

For the promised witness, let u0 ∈ {0, 1} choose a0 = L when u0 = 0 and a0 = T = −L when u0 = 1. The two

possible successors are Lz0 and −Lz0; both lie on the same metric level, have the same axial reading, and differ in

their oriented-sign reading. Freeness of the action makes them distinct. Their action receipts therefore differ at

the same (z0, 1). Finally sj > 0 gives λj+1 > λj , and the injective chart distinguishes complete states. □

8 / 16



TIME EVOLUTION | PAPER 32 Time Evolution / 0.6

Remark 10.2 (Full mirror isometries and the boundary of the test). The theorem declares an ∈ SO(g), where ω is

preserved and E is abelian. The reversing isometry H ∈ O(g) also preserves g, but H∗ω = −ω and

N(Hz) = (−λ−ϖ,m, κ, κσ), ηT (Hz) = −ηT (z) +
ϖ

2
(1 + κ) (mod 2ϖ). (50)

A model admitting H uses the corresponding full-group reader action and records its orientation reversal.

Equation (48) is stated for the SO(g) selectors and their homogeneous K readers.

Information and stopping. A deterministic selector with a fully specified input sequence again makes the

record reconstructible from those inputs and the initial state. A genuinely new admitted input enlarges the

information required for reconstruction when it leads to a distinguishable action or is separately retained in the

receipt. The Gate, selector, and prospective possibility set have their own types. The theorem establishes an exact

conditional extension; it makes no claim that this selector has already been realized in physical evolution or that the

resulting computation is Class IV.

11 Orbit growth, invariants, and admissible interfaces

The eigenvectors satisfy v+ · v− = φψ + 1 = 0 in the standard Euclidean dot product. For z = av+ + bv− ∈ X and

any ε,
∥E(s, ε)z∥2 = a2e2s∥v+∥2 + b2e−2s∥v−∥2. (51)

With

cz = min{|a|∥v+∥, |b|∥v−∥} > 0, Cz =
√
a2∥v+∥2 + b2∥v−∥2, (52)

we obtain cze
|s| ≤ ∥E(s, ε)z∥ ≤ Cze

|s|
. Each full orbit therefore escapes every compact subset as |s| → ∞. This

establishes proper, unbounded progression together with exact conservation of g and ω. These properties coexist

because an indefinite metric fixes the product of null coordinates while their ratio changes.

Theorem 11.1 (Scale covariance and Fibonacci selection). For every u > 0, define a selected step Tu = −Lu and period
ϖu = 2u. The corresponding readers

ρax,u(z) = [λ]ϖu
, ρ±,u(z) = ([λ]ϖu

, σ), ηu(z) = [λ+ϖuβ(σ)]2ϖu
(53)

obey the same one-step axial return, two-step oriented return, and degree-two step-quotient covering as at u = logφ. All
u > 0 sampled systems are conjugate by an explicit homeomorphism on X . The recurrence factorization Q = LuS holds
exactly at u = logφ.

Proof. In the signed chart N(Tuz) = (λ+ 2u,m, κ,−σ); all return and quotient proofs use only this shift and sign

transport. Fix u, v > 0 and define Du→v in chart coordinates by

N(Du→vz) =
(
(v/u)λ,m, κ, σ

)
. (54)

Then Du→v Tu = TvDu→v, and Dv→u is its inverse. Finally Q = La0
S from Lemma 3.1; comparison of positive

eigenline multipliers eu and φ makes u = a0 the unique positive matching value. □

Exact selection consequence. The group and covering pattern is a general split-plane construction. The Fibonacci

matrix supplies a distinguished arithmetic realization through Q = LlogφS; the branch-exchanging choice

T = −Llogφ specifies which of the two sample isometries is used. The four-phase timing register in Section 9 is a

further declared selection, with its own return periods.

Poincaré’s measure recurrence theorem concerns invariant measure systems with a suitable finite-measure

domain. The present X has infinite Lebesgue measure, and its full trajectories are explicitly escaping. The

periodic objects are the chosen readouts; their return sets have been computed in Theorem 6.2. This is the exact

scope of recurrence terminology in this manuscript.

The model supplies a reusable interface for applications. An external use must specify (i) what observable states

map into X , (ii) what measured change corresponds to s or T , (iii) what apparatus implements each reader, (iv)

which conservation relation has a measured counterpart, and (v) which external criteria determine persistence or

viability. With such data, the abstract theorems can be transported and tested at that resolution.
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12 Contrast, complementarity, and the evolution of readers

This section defines optional bridges to empirical processes. Each declaration carries an exact mathematical result;

the biological and perceptual mechanisms retain their independently measured laws.

Graded light–shadow contrast

Given measured nonnegative intensities Isample, Iref with Isample + Iref > 0, the signed normalized contrast is

d =
Isample − Iref
Isample + Iref

∈ [−1, 1]. (55)

For d ̸= 0, choose the exact encoding

ιg(d) =

√
|d|
10

(
v+ + sgn(d)v−

)
∈ X. (56)

The established null-pair formula gives

g(ιg(d), ιg(d)) = d, g(Qιg(d), Qιg(d)) = −d. (57)

Thus m = |d|/10 and κ = sgn(d) encode the grade and orientation of a selected contrast measurement. For

d = 0, the balanced measurement is assigned the ambient origin, outside the logarithmic chart X . The sign κ is

originally a split-metric sector: its optical interpretation is earned by the stated intensity reader and encoding. In

retinal physiology, ON and OFF pathways carry luminance increments and decrements; their physical sensitivity

functions and receptor circuits are independently measured [23]. The map (56) encodes a contrast value rather

than deriving the retinal circuitry.

Four-letter complement and inherited sequence

Let ΣDNA = {A,C,G, T} and define Watson–Crick complementarity by c(A) = T , c(T ) = A, c(C) = G, c(G) = C,

so c2 = id. Fix the realification V ∼= C, with x+ iy identified with (x, y)T, and choose a map of the four bases into

four compact-phase positions of V :

ι(A) = 1, ι(C) = i, ι(T ) = −1, ι(G) = −i, ι ◦ c = Ω2 ◦ ι, Ω2 = −I. (58)

For a directed strand w = b1 · · · bk, its reverse-complement RC(w) = c(bk) · · · c(b1) satisfies RC2 = id. This is an

exact four-position representation of the complementary pairing and directed-order reversal. The quarter-turn

placement is chosen; molecular replication proceeds through antiparallel DNA templates, polymerase action,

helicase, repair, and semiconservative inheritance [20, 21, 22]. Chemical helical winding and the four symbolic

phase positions are kept as separately typed carriers.

Changing the observer

The preceding theorems fix a map ρ : X → Y . A living reader can change its sensitivity or reference through

inheritance and learning. Mathematically, a family of readers is

ρpn
: X −→ Ypn

, pn+1 = Update(pn, Rn, un), An+1←n : Ypn
−→ Ypn+1

. (59)

The comparison across changed readers is defined by the typed pair(
An+1←n(ρpn

(zn)), ρpn+1
(zn+1)

)
. (60)

A return criterion compares those two coordinates at the declared resolution. An optical realization can use a

spectral sensitivity family Sn,k(ν) and read ρpn
(E)k =

∫
Sn,k(ν)E(ν) dν. Visual opsin genes and their expression

evolve, altering spectral sensitivity across vertebrate lineages [24]. The formula supplies a reader interface; a

model of its actual evolution requires inherited states, measured sensitivities, a selection operator, and recorded

conditions.
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Return, Meaning, and the next Difference

A typed notice dn and an earned Meaning certificate Λn(dn) occupy one present recognition packet, (dn,Λn(dn)).
The carried certificate can inform the next admitted selection through (46); a fresh input un can also enter at that

transition. This defines the proposed feedback interface

(dn,Λn(dn), Rn;un)
SelectJ∗−−−−−−→ an

Act−−−→ zn+1
Notice−−−−→ dn+1. (61)

Λn here denotes a Meaning certificate, while the axial coordinate Λax of the companion geometry satisfies

Λax(Lz) = Λax(z) + 2 logφ. The equation (61) is a typed proposed interface, not a supplied biological selection

rule. The exact scope is: Paper 32 proves the underlying symmetry and controlled conservation; genetics and

sensation provide empirical examples of carrying inherited structure while the physical reader itself can change.

13 Formal reference coordinates: selection, order, connection

References are admitted when a specific mathematical or interpretive office is identified. The mathematical

assertions are proved in this paper. Foundational references provide established terminology and relevant

background, measurement references specify additional hypotheses, and historical works provide named

comparisons. Source roles are ordered by the dependency of the attached coordinate, then by the strength of the

correspondence.

Mathematical foundation and measurement interfaces

Table 1: Formal coordinates selected by mathematical dependency.

Reference Office Exact attachment Connection and selection

Fibonacci [1] Recurrence Q2 = Q+ I , its eigenvalues, a0 = logφ. Q is a modern matrix encoding of the

recurrence; a0 is its sample normal-

ization.

Euler [2] Exponential C2 = −I , U(α) = eαC
, U(π) = −I . A classical angular/complex coordi-

nate; the half-turn supplies the se-

lected central sign.

Klein [3] Geometry G and its full invariance group O(g). Transformation-invariant classifica-

tion; the matrices and proof are given

here.

Lie–Engel [4] Flow S ∈ so(g), Ls = esS , SO(g). One-parameter group and generator.

Lamb–Roberts [5] Reversal H2 = I , HLsH = L−s. Standard reversor terminology; this

realization is explicitly computed.

Hatcher [6] Quotient Ah/⟨T ⟩ ∼= S1
, the double covering q. Covering-space theory organizes the

quotient/subgroup proof.

Poincaré [7] Recurrence

test

T as sampling map and exact reader-

return times.

State recurrence additionally de-

pends on invariant-measure hypothe-

ses; compare at that resolution.

Shannon [13, 14] Recorded in-

formation

Rn = f(z0, n) and conditional entropy

when a probability law is supplied.

Distinguishes deterministic storage

from information-theoretic uncer-

tainty.

Gödel–Rosser [18,

19]

Formal hori-

zon

Provability relative to an effectively ax-

iomatized, consistent arithmetical theory.

Formal incompleteness has its own

hypotheses; it supplies a comparison

coordinate for a reader’s reconstruc-

tion boundary, not a result about his-

torical evidence.

Historical and interpretive attachments
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Table 2: Historical and interpretive interfaces with source-owned authority.

Reference Proposed counterpart here Admitted strength and extension

Mendel [9] The chosen branch factor σ and the sepa-

rately defined DNA complement operator

(58).

A discrete inheritance-coordinate compari-

son; molecular replication and Mendelian

segregation retain their native mechanisms.

Darwin–Wallace; Dar-

win [10, 11]

Controlled descent and receipt distinction

in Theorem 10.1.

A formal interface for inherited succession

with admitted variation; Darwinian selection

additionally requires a population and a re-

production/fitness model.

Schrödinger (1926) [8] Generator-defined evolution ż = Sz. A comparison between evolution equations.

Here the conserved form has real split signa-

ture; quantum dynamics has a different state

and inner-product structure.

Schrödinger (1944)

[12]

Conserved m,κ alongside moving λ, σ. An analogy to stable information carriers dur-

ing change. Molecular carrier, code and re-

production require biological attachments.

Dennett [16, 15] The time-indexed observer of (59) is a

proposed reader-update interface.

Consciousness Explained supplies the multiple-

drafts and timing problem; Real Patterns sup-

plies a separate pattern criterion. No neu-

rocognitive update law is inferred from the

algebra.

Graeber–Wengrow

[17]

Exact opening: “Most of human history is

irreparably lost to us.”

Historical evidence horizon: (62) types recon-

struction fibers; the 2017 Jebel Irhoud stud-

ies give a separately cited empirical datum

[25, 26].

The historical knowledge horizon and the reader’s inverse boundary

Graeber and Wengrow’s exact opening sentence is the selected historical coordinate: “Most of human history is

irreparably lost to us.” [17]. Their next sentence gives an “at least 200,000 years” minimum for Homo sapiens and

names the limits of what can be reconstructed. The Jebel Irhoud fossils are associated with independent dates of

315± 34 thousand years (thermoluminescence) and 286± 32 thousand years (tooth ESR) [25, 26]; these findings

were published in 2017, preceding the 2021 book. The dates belong to their fossil and archaeological evidence,

independently of the matrix model. The new measurements enlarge the set of historically accessible relations

while the ancient occurrences retain their own addresses. Graeber and Wengrow’s opening statement carries the

observational horizon; the next paragraph supplies the mathematical criterion for a reconstruction fiber.

For any declared historical-state space H and evidence reader ρev : H → O, write the compatible-history fiber as

Fr = {h ∈ H : ρev(h) = r}. (62)

A reading r determines a unique history at the stated resolution exactly when |Fr| = 1. A fiber of multiple

compatible histories marks a reader-inverse knowledge horizon: the evidence retains r while a uniquely determined

antecedent requires additional receipts. In the proved matrix instance, ρax(T
nz) = ρax(z) for all n ∈ Z, while

the occurrence records distinguish the successive states. Thus the model demonstrates precisely how a readout

can retain a value across different occurrences. A historical evidence reader would require its own states and

observations.

Awareness: read relation and relation read. Define the state reader r : R → R≥0 by r(x) = |x| and the distance

relation D(x, y) = |x− y|. Both of the following are well typed as nonnegative real outputs:

ReadRel(x, y) := D(x, y), RelRead(x, y) := D(r(x), r(y)). (63)

At the exact witness x = 1, y = −1,

ReadRel(1,−1) = 2, RelRead(1,−1) = 0. (64)
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Thus the two orders can give distinct outputs. An awareness claim is bounded by the relation, the reading

operation, the observed data and their provenance. New traces refine what the reader can reconstruct. At an

admitted seed seam, the next executed transition becomes a further occurrence; what remains possible has its

own prospective type.

The Gödel–Rosser incompleteness theorem provides a distinct, logical horizon [18, 19]. For an effectively

axiomatized consistent theory F capable of expressing sufficient arithmetic, its sentences with an established

proof or refutation form a proper subset of the sentences of F . The historical horizon concerns inference from

surviving traces; the reader-inverse horizon concerns fibers of an observation map; Gödel’s horizon concerns

derivability within F . Their formal ownership remains explicit.

The proposed complex-root inscription admits an exact algebraic realization using the already declared C2 = −I :

J7 :=
√
7C, J2

7 = −7I, specC(J7) = {i
√
7,−i

√
7}. (65)

This types i
√
7 as a complex eigenvalue of the scaled rotation generator. Its proposed knowledge-limit office is a

separately declared interpretation; the root identity by itself supplies an algebraic carrier and no criterion for an

empirical or formal proof limit.

The active namespace reserves ∅ = UNTYPEABLE. At the forget threshold, a demanded uniquely determined

reconstruction from an observation with |Fr| > 1 has no evidence-forced inverse at that resolution; the requested

unique determination is marked ↑ ∅. The compatible-history fiber remains a typed set of possible histories,

while an unresolved claim about a member of that fiber remains open. Additional retained traces can refine the

reader and alter the fiber. The historical observation, inverse-reader test, logical incompleteness theorem, and

complex-root identity therefore occupy connected but separately justified offices.

The exact mathematical dependency is

(V,Q,Ω) −→ (G,S,C,H) −→ E ↷ X −→ N −→ (K, ρK) −→ (T̂ , FA) −→ (SelectJ∗ ,Rn). (66)

Source offices follow this chain. A historical source may clarify why an attachment is interesting; its named subject

supplies a further application test rather than an extra premise in the matrix proof. This separates foundation,

choice, consequence, and external recognition.

14 Conclusion: precise mathematical significance

The result is a fully specified correspondence among five offices. State evolution: the free action of SO(g) moves

each complete state through a homogeneous metric level. Conserved structure: g and ω are held by the group while

the state coordinate λ advances. Reader selection: closed subgroups K ≤ E determine homogeneous quotient

observations and their exact return sets. Branch and covering: T = −La0
exchanges the oriented sign, the selected

orbit quotient forms a connected circle, and its map to the axial circle is two-to-one; the signed quotient gives a

second, disconnected double cover and the two share a four-sheet refinement. Retained occurrence: finite receipts

make the actual transitions addressable, while a known initial state and step count reconstruct the deterministic

sequence.

What is established. The manuscript proves the isometry-group classification, translation chart, homogeneous-

reader subgroup theorem, covering relations, and the reversible fixed-action receipt. Theorem 10.1 then proves a

conditional seed-admitted extension: admitted group actions preserve the same forms, their accumulated return

is determined by subgroup membership, and a variable action receipt can carry information beyond (z0, n). The

optical-contrast and complementarity calculations are exact selected encodings of measured or biological inputs.

Reader evolution and the Meaning-to-new-Difference feedback interface remain explicitly typed constructions

requiring domain-specific selectors.

Why it matters. The same formally conserved dynamical system carries advancing states, recurring observations,

and a recoverable sequence of occurrences. When a new choice enters through an admitted selector, the state and

the historical receipt can depend on that additional input while the governing invariant remains preserved. The

resulting distinction between state, reading and record is mathematically exact. The classical group, quotient

and recurrence concepts provide the tools; the paper’s specific result is their integrated Fibonacci-normalized

realization, with its choices and equivalences fully exposed. Applications to lived timing, genetic descent, visual
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contrast and recorded history are specified as comparison problems with declared maps, measurements, and

native evidence. The formal clock provides a returning coordinate; the ledger holds the actual transitions. A

turn may extend through arbitrarily many recorded occurrences under the same rule. The continued chapter is

determined by its admitted sequence rather than a fixed number of pages.

A Compact proof ledger and representation glossary

Office Exact type and operation

V , X , Ah Real plane; non-null sector; nonzero metric level.

Q, Ω, G Recurrence matrix; area matrix; symmetric split metric matrix.

C, S, H Angular generator (C2 = −I); hyperbolic generator (S2 = I); reversing reflection

(H2 = I).

Ls, T One-parameter isometry esS ; selected step −Llogφ.

N Complete signed coordinate chart (λ,m, κ, σ).
p, ρax, ρ± Projective reference; quotient-periodic axial observation; axial-plus-branch observation.

K, ρK , ηT , q Reader-selection subgroup; homogeneous quotient reader; step-orbit class; two-sheet

projection.

T̂ , Rn Receipt-augmented step; explicit finite history of transitions.

FA, D0, D1 Four-phase timing lift and two timed readouts.

h, s, n Conserved metric value; continuous mathematical time coordinate; discrete step index.

ω,

∧2
Oriented alternating pairing; exterior two-vector representation.

The representation U(α) provides the angular action; the clock variable r ∈ Z/4Z provides a separately declared

timing register. The occurrence of ir in a readout labels the four timing phases. The two uses share a complex

quarter-turn convention and retain their respective domains.

B Verification status and retained receipts

The source draft (review 0.3) reports forty exact-arithmetic check groups, C01–C40. Their labels and proof offices

are retained below as a receipt of that review. The C01–C40 register is the source manuscript’s own reported

audit and retains that provenance. Independently, the accompanying time_evolution_0_5_checks.py tests the

retained algebra and added quotient, projective, and scale-selection statements using exact symbolic arithmetic.

Its preserved execution receipt contains 102 passing labeled entries; some entries aggregate multiple exact samples.

The output is a separate verification receipt. The general one-parameter, classification, and covering claims are

established by written proofs in this edition.

ID Source-registered check ID Source-registered check

C01 Q2 = Q+ I C21

∧2(−In) = I for 2 ≤ n ≤ 8
C02 C2 = −I C22 Five unit-circle test vectors for area/projective return

C03 G = [Q,Ω] C23 Seventeen exact iterates −8 ≤ n ≤ 8
C04 Symmetric G, detG = −5 C24 Four-phase carries for L, T , every starting phase

C05 G2 = 5I C25 Twelve exact receipt steps and prefix recovery

C06 Positive and negative metric witnesses C26 Four power-composition samples

C07 H2 = I , HTH = I C27 Signed-chart and inverse samples

C08 S2 = I C28 Branch reader, five states and nine iterates

C09 STG+GS = 0 C29 Twelve history reconstructions and φ2n
shifts

C10 L2 = Q2
C30 Four/eight microstep branch return

C11 detL = detT = 1 C31 Hyperbolic exponential and lattice group law

C12 LTGL = G C32 Reflection in signed chart and ratio transport

C13 TTGT = G C33 HLkH = L−k
, HTkH = T−k

C14 HTH = T−1
C34 Free action and exact reader return sets

C15 Tv+ = −φv+ C35 SC ̸= CS for the complex-structure generator

C16 Tv− = −φ−1v− C36 Exact norm formula and finite growth samples

C17 Null eigenlines and g(v+, v−) = 5 C37 H metric/area transport and level invariance

C18 det(−I2) = 1 C38 Area-form transport on test pairs
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ID Source-registered check ID Source-registered check

C19 detTn = 1 for sample iterates C39 cosh logφ =
√
5/2, sinh logφ = 1/2

C20 detH = −1 and exterior reversal C40 Golden-ratio polynomial identities

Additional theorem receipt. The controlled-extension claims in Theorem 10.1 have written proofs and a separate

finite exact-arithmetic verifier for the L/T witness, complementarity encoding, and sampled controlled returns.

The original static proofs and source C01–C40 registry remain unchanged.
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Research status. Algebraic and conditional theorems are proved as stated; the selected biological and observational

embeddings are definitions with separately cited native evidence. The seed-selection policy and time-varying observer

realization remain OPEN. External peer review remains OPEN.
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